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Abstract. Associated to analytic Hamiltonian vector fields in C having an 
equilibrium point satisfying a non semisimple 1 : — 1 resonance, we construct 
two universal constants that are invariant with respect to local analytic sym- 
plectic changes of coordinates. These invariants vanish when the Hamiltonian 
is integrable. We also prove that one of these invariants does not vanish on an 
open and dense set. 
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1. Introduction 

Let Xh '■ (C 4 ,0) — > (C 4 ,0) be an analytic Hamiltonian vector field, i.e. there 
exists an analytic function H : (C 4 ,0) —> (C, 0) called the Hamiltonian such that 
n(Xij,v) = diJ(v) for every v 6 C 4 where 51 is a symplectic form in C 4 . For 
definiteness we assume that 51 is the standard symplectic form, 

(1.1) $l(x,y) = x T Jy, x,yeC 4 , where J = 
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The matrix J is known as the standard symplectic matrix. In this setting, the 
Hamiltonian vector field Xh written in coordinates reads, 

*ff(q,p) = (^fa'PJ'-^fo'P)) ' (I'P) G C2 x £2 - 

In this paper we study a Hamiltonian vector field Xjj with an equilibrium point 
Xh(0) = in a 1 : —1 resonance, i.e. the matrix DXh(0) is not diagonalizable and 
has a pair of double imaginary eigenvalues ±ia, a > 0. 

Our study is motivated by the problem of estimating the size of the chaotic 
zone near a Hamiltonian- Hopf bifurcation [5J [HO [35] . This is a codimension one 
bifurcation of an equilibrium point in a two degrees of freedom Hamiltonian system 
in R 4 . More precisely, let H € be a real analytic family of Hamiltonian functions 
defined in a neighbourhood of the origin in R 4 . Suppose that the origin is an 
equilibrium point of Xjj t , i.e., Xn e (0) — for every e, and that as e — > + the 
equilibrium goes through a Hamiltonian-Hopf bifurcation: for e > the matrix 
DXu e (0) has two pairs of complex conjugate eigenvalues ±/3 c ± ia e , a £ ,/3 £ > 
that approach the imaginary axis as e — > + yielding a pair of double imaginary 
eigenvalues ±icco, ao > for DXjj o (0). At the critical value e = the equilibrium 
is at a 1 : —1 resonance. This bifurcation has been extensively studied [30 and it 
is known that there are two main bifurcation scenarios. In one of these scenarios, 
for e > there are two dimensional stable W £ s and unstable W" manifolds that 
live inside the three dimensional energy level set {H t = H e (0)} and shrink to the 
equilibrium as the bifurcation parameter approaches the critical value. Points in 
the manifold W/ (resp. W e u ) converge to the equilibrium forward (resp. backward) 
in time under the action of the flow. The intersection W/ D W™ if not empty 
consists of homoclinic orbits, thus is at least one-dimensional. It is well known 
that the existence of a transverse homoclinic orbit is a route to the onset of chaotic 
dynamics in a neighborhood of the equilibrium point [H 118) . 

In [9] a quantity oj known as homoclinic invariant was introduced to measure 
the size of the splitting of stable and unstable manifolds. Roughly speaking, it is 
defined to be the symplectic area formed by a pair of normalized tangent vectors 
at a homoclinic point. Let us show how to define it precisely. In a neighborhood of 
the equilibrium, the unstable manifold can be locally parameterized by a C 1 
function, 

T u : {(<p,z) :^T,z<z }^l 4 

for some zq € R where T = R/27rZ. Moreover, T u is a solution of the nonlinear 
PDE, 

(i.2) a e d v r u + p £ d z r u = x Hc (r u ) , 

with the following asymptotic condition, 

lim T u {tp,z) = 0. 

z—t — oc 

Such parameterization is said to be a natural parameterization of W™. Since it 
satisfies the PDE (|1.2[) . T" conjugates the motion on the unstable manifold in a 
neighborhood of the equilibrium to the linear motion on the cylinder T x (— oo, zq). 
That is, 



(1.3) 



T u (ip + a e t, z + e t) = ^ o T u &, z) , 
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where i s the Hamiltonian flow. The derivatives d z T u and d v T u define a basis 
of tangent vectors at each point of W™. To obtain a natural parametrization for 
the stable manifold we can reverse the time and repeat the same reasoning, or 
equivalently consider —H e . For simplicity, suppose that Xh c is time-reversible, i.e., 
S*Xh c = — Xh c , where S 7^ ±Id is some linear involution. In the reversible setting 
it is convenient to define a local parameterization for the stable manifold as 

which satisfies the same PDE (|1.2[) . The freedom in the definition of the param- 
eterizations is reduced to translations in their arguments. Let Fix(5) denote the 
set of fixed points of the involution. Given an orbit 7 of the vector field Xg c we 
call it symmetric if 7 n Fix(<S) ^ 0. In |15j the existence of two primary sym- 
metric homoclinic orbits is proved. Roughly, they correspond to the "first inter- 
section" of both W^ ,u with Fix(S). Let 7/> denote one these homoclinic orbits. 
Due to the freedom in the definition of the parameterizations we can suppose that 
j h (t ) = T u (<p ,z ) = r s 0o,zo) for some t G R and Oo,Zo) e T x R. The 
homoclinic invariant of 7^ is defined in the following way, 

ui = n(d v r s (ipo,zo),d v T u {ipo,z )). 

Clearly, ui takes the same value along the homoclinic orbit 7^. Moreover, if cj 7^ 
then 7/j is a transverse homoclinic orbit. Thus, uj measures the splitting of the 
stable and unstable manifolds along the homoclinic orbit 7^. Based on analytical 
and numerical evidence, in [9] it is conjectured that the homoclinic invariant has 
the following asymptotic expansion, 

(1.4) uj ~ ±e"^7 ^ u) k e k as e ->• 0+ . 

fc>0 

The symbol ~ in (| 1 -4[) means that if we truncate the series then the error in the 
approximation is of the order of the first missing term. Recall that /3 e is the absolute 
value of the real part of the eigenvalues and that j3 e — > as e — > + . Thus (|1.4[) 
implies that u) is exponentially small with respect to e. The leading term ujq in 
the asymptotic expansion is called the splitting constant since loq ^ implies that 
lu =/= for e sufficiently small. The splitting constant is defined at the moment 
of bifurcation, i.e., it only depends on the Hamiltonian with a 1 : — 1 resonance. 
Moreover, ujq = 2^/|/C| where K, is one of the invariants studied in the present 
paper. 

Proving (|1.4[) is a highly non-trivial problem comparable to the problem of the 
splitting of the separatrices of the standard map that started with the work of V. 
Lazutkin [T7] and ended with a complete proof given by V. Gelfreich in [TT] . Based 
on the results of [8] and on the results of the present paper the author has an 
unpublished proof of (ll.4p that will send for publication as a separate paper. 

Also related to this work is the study of the so-called inner equation [HHIKSS]. In 
most problems of exponentially small splitting of separatrices, the leading constant 
of an asymptotic formula that measures the splitting comes from the study of an 
inner equation which, roughly speaking, contains the most singular behavior of the 
problem [TO] . 

The study of exponentially small splitting of invariant manifolds in Hamiltonian 
systems of higher dimensions can be found in |21[ 126] . In these works, the authors 
have devised a geometrical method to study the splitting of stable and unstable 
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manifolds of a partially hyperbolic invariant torus (known as "whiskered torus" ) in 
near-integrable Hamiltonian systems. 

The combination of geometrical and analytical methods to study the exponen- 
tially small splitting of separatrices has proved fruitful and still today, it follows 
closely the original ideas introduced by V. Lazutkin in |17) . 

Finally, let us mention that the invariants found in this paper have a parallel 
to the analytic invariants found in |12j which are defined for diffeomorphisms in 
C 2 with a parabolic fixed point. One of these invariants also plays a role in the 
splitting of separatrices near a saddle-center bifurcation |14j . In particular, for the 
Henon map the same study was carried out in |13) where a connection with the 
resurgent theory of J. Ecalle was established. For a more recent treatment on the 
connection between resurgence and splitting of separatrices the reader is referred 
to [27] . See also [6l [24J [28] for related studies in analytic classification of germs of 
vector fields. 

To conclude the introduction let us outline the structure of the rest of paper. 
In Section [2] we setup the problem and recall some well known facts about normal 
forms. The main results of this paper are presented in Section G3 In Section [4] 
we construct formal solutions of certain differential equations. Section [5] develops 
a theory to invert a type of linear operators. In Section [5] we study a variational 
equation and Sections [7] and [S] contain the proofs of our main results. 



2. Preliminaries 

Let Xh be defined as in the introduction. The well known normal form theory 
for quadratic Hamiltonians [2] provides a symplectic linear change of variables that 
transforms the quadratic part of the Hamiltonian H into the following normal form, 

H(q, P) = -« (Q2P1 - qiPi) + ^ (<?i + si) + ni gh ord er terms, 

where q = (51,(72), P = (pi,P2), l 2 — 1 and a > 0. Without lost of generality 
we can assume that a = 1 and 1 = 1. Indeed, by a re-parametrization of time or 
equivalently by scaling the Hamiltonian H by ia~ x and performing the symplectic 
linear change of variables, 

(qi,q2,Pi,P2) ( t-7=gi,\/a92,i— Pi, ~^=P2 ) , 

we obtain the desired normalization of a and l. It is also possible to normalize the 
higher order terms of H . The normal form of H is attributed to Sokol'skii who 
derive it when studying the formal stability of H. 

Theorem 2.1 (Sokol'skii [29)). There is a formal near identity symplectic change 
of coordinates $ such that, 

l+k>2 

where 

(2.1) h = Q2Pi - qiPi, h = — ^ — ' Iz = — 2 — ' 

The normal form coefficients a^k G C are uniquely defined, forming an infinite set 
of invariants for the Hamiltonian H. 
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The normal form if" is obtained inductively by constructing a near identity 
symplectic changes of variables that normalizes each order of if at a time without 
affecting the previous orders. Moreover, it is constructed in such a way that has an 
additional S 1 symmetry induced by the integral of motion 1\ , i.e. tt(X H t , Xj 1 ) = 0. 
There is a convenient way of rewriting the normal form that takes into account the 
different contributions of the higher order monomials. More precisely, we define a 
new order for a monomial in C[q±, q2,Pi,P2]' for i = 1,2 we let qi have order 2 while 
Pi have order 1. For example, using this new ordering we say that the monomial 
P1P2 has order 2 while q±p2 has order 3. Reordering the terms of if" according to 
this new order we get, 

if« = H o<f> = -I 1+ I 2 + r)li+ «M^3, 

3i+2fc>5 

where the coefficient rj is equal to 02,0- In general, the limit of the normal form 
procedure produces a normal form transformation $ that is divergent. However 
the normal form is rather useful and can be used to approximate at any order the 
original if by an integrable one. Thus we can assume that if is in the general form, 

(2.2) if = -I x + I 2 + r,li + F, 

where i; € C and F : U — > C is a bounded analytic function defined in an open 
neighborhood U of the origin in C 4 and containing monomials of order greater or 
equal than 5. 

In the real analytic setting, the normal form coefficients are real and 77 deter- 
mines the stability type of the equilibrium of Xh- According to [2D], when 77 > 
the equilibrium is Lyapunov stable and it becomes unstable when rj < 0. The 
degenerate case corresponds to 77 = 0. 

Throughout this paper we will only consider the case of a non-degenerate elliptic 
equilibrium, 

(2.3) V ± 0. 

This is a generic condition. In the degenerate case, one has to include in the leading 
order (|2.2|) the next term ao,fcif of the normal form for which ao.fc 7^ 0. 

Although the equilibrium point of Xh is elliptic, we will show that it has a 
stable (resp. unstable) immersed complex manifold by constructing a stable (resp. 
unstable) parametrization T + (ip,r) (resp. T~((p, t)) defined in certain regions of 
C 2 , with some prescribed asymptotics at infinity and satisfying the nonlinear PDE: 

(2.4) VT ± =X H (T ± ), where V = d v + d T . 

In a common domain of intersection, the stable and unstable parameterizations are 
described by a single asymptotic expansion, implying that their difference is beyond 
all algebraic orders. We will obtain a refined estimate for the difference of param- 
eterizations and prove that it has an asymptotic expansion with an exponentially 
small prefactor. Moreover, in the four dimensional space C 4 the difference of the 
parameterizations can be locally described by four constants that can be used to 
define two local analytic invariants for the Hamiltonian if. 
Let us precisely state our results. 
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3. Main results 



3.1. Parameterizations. First we will study formal solutions of equation (|2.4|) . 
Denote by T the space of trigonometric polynomials with complex coefficients, i.e., 
the space of functions of the form, 



a 



^ ak cos(kip) + ^2 b k sin(fe^), 



a k ,b k eC,n€ N . 



fc=i 



fe=i 



We solve equation (12.4[) in the space of formal power series T 4 [[r -1 ]], i.e., we substi- 
tute a series into the equation, collect coefficients at each order of r _1 in both sides 
and then solve an infinite system of equations in T. Then we obtain the following 
result. 

Theorem 3.1 (Formal Separatrix). Equation (|2.4[) has a non-zero formal solution 
T having the form, 



( 



(3.1) 



2 



(<P,t)\ 
t -T 2 (<p,t) 

r- 1 f 4 (^,T)/ 



where Ti € Tf[r 



with the leading orders, 

fl(¥>,T 



KOi.i _! 
K COS i/3 H — T 



K COS (y9 



r 

7? 



r 2 (¥',T) 

fMv, r) 



k sin (/? 



k sin 93 



Kan -1 

T 

V 

KOi,! _! 

T 

V 



where k 2 = — - and the ellipsis mean higher order terms in t 1 . Moreover, for any 



other non-zero formal solution T of (|2.4p having the same form (|3.1[) there exist 
(ipo, r ) G C 2 such that T(<p, r) = T(ip + (po,r + t ). 

This theorem is proved in Section 2] We call T a formal separatrix. In general, 
these formal scries do not converge (see Corollary 13.81) . According to the previous 
theorem, the freedom in the choice of formal solutions is given by translations in the 
(ip, z)-plane. We can eliminate this freedom by fixing the first two coefficients of the 
formal series Ti. This freedom can not be eliminated in a coordinate independent 
way, unless the Hamiltonian vector field has some extra properties, such as being 
time-reversible (see Remark |4.6[) . 

In the following we construct analytic solutions of equation (I2.4[) with prescribed 
asymptotics T in certain regions of C 2 . Fix h > and let 



{cp e C/2ttZ : \Imip\ < h} . 



In order to state our results we need to introduce the notion of asymptotic ex- 
pansion. Let X be a subset of C that contains a limit point a, possibly the point 
at infinity. A sequence of functions {£n} ngN defined in X and taking values in C 
is called as asymptotic sequence as t — > a if none of the functions vanish in a 
neighborhood of a (except the point a) and if for every n £ N we have, 



lim 



= 0. 
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Figure 1. Domains Dt-. 



For example, {T _ra } Tl6N is an asymptotic sequence as r — > oo. Given two functions 
/, ,g : T h x X — > C we shall frequently use the big-0 notation / = 0(g) meaning that 
there exists a constant C > such that \f(<p, r)| < C \g(<p, r)| for all (<p, r) E T^xX 
or we write / = 0(g) as (r — > a) meaning that there exists a constant C > and a 
neighborhood J7 of a such that |/(</J,t)| < C\g((p,r)\ for all (<^,r) e T A x (InC/). 
Finally, given a function / :Tj,xJ->C we say that it has an asymptotic expansion 
with respect to the asymptotic sequence and write, 

f(f,T) ~ ^c„(<^)£„(t), 

n>l 

if for every N g N the following holds, 

AT 
n=l 

It is easy to see that the asymptotic expansion of / is unique. Moreover, the 
definition of the big-0 notation and of asymptotic expansion easily extends to 
functions taking values in C k for any k £ N. 

Given r > and < 9 < j consider the following sector, 

(3.2) £»- = {r€C: |arg(r + r)\ > 6} , 

which can be visualized in Figure [TJ We shall leave the parameters 8 and h fixed 
throughout this paper. The next theorem gives the existence of an analytic solution 
of equation (|2.4p having the formal separatrix as an asymptotic expansion in the 
sector D~ . The proof of the theorem can be found in Section [7] 

Theorem 3.2 (Unstable Parameterization). Given a formal separatrix T there 
exist r_ > and a unique analytic function T : T/, x D~_ — > C 4 solving equation 

(|2.4p such that T~ (tp, t) ~ r(<p, r) as r oo in D~ . 

It follows from the asymptotics of T~ that for r > sufficiently large the set 
r~(T/j x D~) is a two dimensional immersed complex manifold. Points in this 
manifold converge to the equilibrium under the flow, i.e. ^ H (T~ (ip,r)) — > as 
Rei — > — oo. Thus T is an analytic parameterization of a local unstable manifold 
of the equilibrium of Xh- An analogous result is valid for the stable manifold. 
More precisely, for r > let be the symmetric sector, 

D+ = {reC \ - teD;}. 
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7: 



Figure 2. The intersection of the domains Df. 



By properly modifying the arguments in the proof of Theorem 13.21 we can prove 
that given a formal separatrix T there exist r+ > and an analytic function r + : 
T/j x — » C 4 solving the same equation <\2A\ such that T + (tp 7 T) ~ T(ip,r) as 
t — y oo in £>+ . 

3.2. The difference T + T . Therefore, equation (|2.4j) has two analytic solutions 
both defined in symmetric sectors D^r for r = max{r_, r + } whose intersection 
in the r-plane consists of two connected components (see Figure [2]) . Since both 
functions have the same asymptotic expansion T then, 



Thus, their difference is said to be beyond all algebraic orders. We shall obtain 
a more precise estimate for the difference of the parameterizations on the lower 
component of the set n D~ which we denote by D£. Similar considerations 
work for the upper connected component . In order to obtain such estimate 
we will use the fact that T + — T is approximately a solution of the variational 
equation of Xjj along the unstable solution Therefore, we study the analytic 
solutions of the variational equation, 



Since both d^T and d T T solve equation (I3.3[) we shall construct a matrix solution 
U of equation (13.31) satisfying the following properties: 

(1) The matrix- valued function U : x D ? 7 — s- C 4x4 is analytic and continuous 
on the closure of its domain. 

(2) The third and fourth columns of U are the known solutions d v T~ and d T T~ 
respectively. 

(3) U is symplectic, i.e. U T JU = J where J is the standard symplectic matrix 



A matrix U satisfying the above conditions is said to be a normalized fundamental 
solution of equation (|3.3[) . We will also construct asymptotic expansions for these 
fundamental solutions as formal solutions of the formal variational equation, 



T + {ip,r) - T-(ip,r) - as r -> oo in D+ n D~ . 



(3.3) 



Vu = DX H {T-{^, r))u. 



(ED. 



(3.4) 



Vu = DX H {T( ( p,r))u, 



where T is a formal separatrix. The existence of such formal solutions is provided 
by the next proposition whose proof can be found in Section 01 
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Proposition 3.3. Given a formal separatrix T, the corresponding formal varia- 
tional equation (|3.4p has a formal fundamental solution U of the following form, 



U 



where iiij G T[[r ]], for i,j = 1, . . .,4 swc/i t/iat t/ie f/iird and fourth columns of 
U are c^T and 9 T T respectively and XJ T J\J = J. Moreover for any other formal 

fundamental solution U of the same form of U there exists C G C 2x2 symmetric 
matrix (C T — C) such that U = XJEc where, 

(3.5) Ec=(™ £ 

The existence of a normalized fundamental solution of equation ()3.3p with as- 
ymptotic expansion U is given by the following proposition whose proof is placed 
in Section [5] 

Proposition 3.4. Given an unstable parameterization T ~ T and a formal fun- 
damental solution U there exists r > swc/i i/iai the variational equation (|3.3p /ias 
an unique normalized fundamental solution U : Tj, x D~ — > C 4x4 swc/i i/iai U ~ U 
as t — Y oo in 13,7 . 

Using these fundamental solutions for the variational equation (|3.3|) we obtain 
an exponentially small estimate for the difference of stable and unstable parame- 
terizations. 

Theorem 3.5. Given e > and a normalized fundamental solution U there exists 
a vector 0" £ C 4 such that the following asymptotic formula holds, 

(3.6) T + (tp,r) - T-(tp,r) = e-^-^Ufer)©- + 0(e-< 2 - 6 W r -*°), 
as t — y oo in . 

We prove this theorem is Section [8j As an immediate corollary of Theorem 13.51 
and taking into account the asymptotic expansion of U we obtain the following 
asymptotic expansion for the difference, 

e i(r-«p) (r+fa.r) -T-(<p,T)) ~ ij(<p,T)Q- as r -> oo in L>, A . 

Using the leading orders of U (see Proposition 13 . 3|) it is possible to obtain an 
exponentially small upper bound for the difference of stable and unstable parame- 
terizations in the lower connected component D£. Indeed, since for every t G D£ 
and a > the vertical segment [r, r — ia] is contained in D£ then there exists C > 
such that for every a > 0, 

|r+(^r)-r-(^r)| <Co- 3 e- CT , 

for all tp G Th and r G Z?^ with Imr < —a. 

As mentioned before, it is possible to use the previous arguments mutatis mu- 
tandis to study the difference T + — T in the upper connected component . 
Similar to Theorem 13.51 one can prove the existence of 8 + G C 4 such that, 

g-iO-,0 (r+(<p )T )-r-(<p,T)) ~U(< / j,t)9 + as t -> oo in 
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3.3. Analytic invariants. In this section we use the asymptotic formula of The- 
orem [521 to construct two analytic invariants for the Hamiltonian H. On of these 
invariants measures the splitting distance of the complex manifolds parametrized 
by r^. This invariant is also related to the Stokes phenomenon which is observed 
in solutions of certain differential equations where the same solution possesses dif- 
ferent asymptotic expansions at infinity in different sectors of the complex plane 
®- 

In order to define these invariants, let ~ T be a stable and unstable pa- 
rameterization and U ~ U a normalized fundamental solution of the variational 
equation around T . Moreover, let 

A(^r) = r+(^T)-r-(^r). 

According to Theorem 13.51 we have the following asymptotics, 

(3.7) e =Fl(r " ¥,) A(( / 3,r) - U(^,r)e ± as Imr -> ±oo. 

We call the first two components of ± = (©f , O^, ©f, ©f ) the normal compo- 
nents and the last two the tangent components. The following limit provides a way 
to compute the components of the vectors , 

(3.8) n(0 ± ,v)= lim n(A((p,T),U(ip,T)v)e Tl( - T - v) , v G C 4 , 

ImT->±DO 

where is the standard symplectic form and the convergence of the limit is uniform 
with respect to <p G TfV The proof of (|3.8I) is straightforward. Indeed, it follows 
from the asymptotics (|3.7j) and the fact that U T JU = J. Moreover, the previous 
formula is useful from the computational point of view, since to compute the normal 
components of O^ it only requires knowing the stable and unstable parameteriza- 
tion r ± . In fact Qf = Q(Q ± ,e 3 ) where e 3 = (0,0,1,0). Since Ue 3 = d v T~ we 
conclude that, 

(3.9) 0± = lim n(A(^r),^r-(^r))e^-^. 

Imr — >±oo 

A similar formula is valid for the normal component ©f , where the tangent vector 
field d v T~ is replaced by d T Y~ . The components of the vector Q ± are not inde- 
pendent and due to the freedom in the choice of the parameterizations they are not 
uniquely defined. 

Lemma 3.6. Given any stable (resp. unstable) parameterizations T ~ T and 
normalized fundamental solution U ~ U, the following holds: 

(1) of + ef = o. 

(2) If T r is another stable (resp. unstable) parameterization with nor- 
malized fundamental solution U ~ U then there exist (<Pq,tq) G C 2 and a 
symmetric matrix C G C 2x2 such that 

e± = £: c O ± e ±i(r °-^ o) 

Proof. To prove item (JTJ) it is enough to show the equality for the — case, since the 
+ case is completely analogous. 
Note that (|3~7|) implies, 

H(T + (^r)) = H(T-(cp,T)) + Vif(r-(^r))A(^r) + 0(e-^^), 
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as Iult — > — oo for some e > arbitrarily small. Due to the conservation of energy 
we have that 7J(r ± ((p,r)) = 0. Thus, 

(3.10) lim WH(T-(ip,T))A((p,T)e i( - T -^ = 0. 

IlTlT — ^ — OO 

Moreover, 

VJT(r-)A = n(x H (r-),A) 

= -o(A,^r-)-n(A,5 r r-). 

Thus, (pTTUf implies that, 

lim (O(A(^T),a v r-(^T)) + O(A(^T),a T r-(^T)))e^)=0 

Imr— > — oo 

which proves the desired equality. 

To prove item ©, let A = f + - f ~. Similar to (HZ) there exists © ± e C 4 such 
that, 

(3.11) e =Fl(r - ¥ ' ) A(^,r) - tJ(^,r)e ± as Imr -> ±oo. 

According to Theorem 13.11 there exists (<po,To) £ C 2 such that T(<p,t) = T(ip + 
(pa, t + to). Thus, the uniqueness of solutions in Theorem 13 . 2 1 implies that T(ip, r) = 
T(ip + ipo, t + tq). Moreover, since TJ(tp + tpo, r + t ) is a formal normalized funda- 
mental solution of the formal variational equation around T, then by Proposition 
I3.3l there exists a 2x 2 symmetric matrix C such that U(y?, t) = XJ(ip+(po, t+to)Ec- 
Again, by uniqueness of solutions in Proposition 13.41 we conclude that U(y>, r) = 
\J((p + (fo, t + tq)Ec- Thus, we can rewrite (|3.11|) as follows, 

e Ti ^ T ~^A{ip + (p ,T + t ) ~ \J(<p + tp , t + t q )E c Q ± as r^ijoo, 
which is equivalent to, 

e T*(T+T -( v+V0 )) A ^ + ^ Q:T + To ) „ + po, r + T ) J B c e ± e ^( ro -^\ 

asr-> ±ioo. On the other hand, taking into account (|3 . T[) we have that, 

eTl{ r+ ro -( v+Vo )) A ^ + VQiT + To ) „ U( V + ^0, T + T )8 ± , 

as t — > ±ioo. Finally, the uniqueness of the asymptotic expansions implies that 
Q^ 1 = EcQ ± e Tl< - T "~ v "K Rearranging terms and noting that E^} = E^c we con- 
clude the proof of the lemma. □ 

Using this result and the definition of the constants we construct the following 
analytic invariants. 

Theorem 3.7 (Analytic Invariants). The following numbers, 

K = efe^ and j = 

do not depend on the choice of parameterizations and are invariant under symplectic 
changes of coordinates fixing the origin. Moreover, if H is real analytic then 

K, = -sgn(rj) 1 0^7 1 2 £ M and J = -sgn(rj)f2(6 r , 9~) £ iR. 
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Proof. First, we prove that K. and J do not depend on the choice of the parame- 
terizations. Given two parameterizations and we know by Lemma 13.61 that 
there exist (<p r ) € C 2 and C € C 4x4 (C T = C) such that 9 ± = E^e^ '^. 
Thus, 

k = e+e^ = e+e^-f^e^e-^ -^ = e+e^ = /c, 

and 

J = n(e + ,e _ ) = Cl{E c Q + e l{TQ - VQ \E c Q-e- t{T °- vo) ) 

= n{E c e + , e c q-) = n(e+, e-) = j. 

Next we prove that K, and J are invariant under symplcctic changes of coordinates 
fixing the origin. Let *f? : (C 4 ,0) — > (C 4 ,0) be an analytic symplectic map. Define 

f±(^T) ^vp^^r)) and t%, r) := D*(T-(<p, r))t%, r). 

It is enough to prove that ri(0 ± , v) = ^(O 1 * 1 , v) for all v g C 4 . Taking into account 
(|3.7[) we can write A := T+ — T~ as follows, 

A(p, r) = Dtf (r- (vj, r))A(y>, r) + g(p, r), 

where g is analytic in T/j x (D+ n D,r) such that, 

(3.12) lim g(ip,T)e^ 1+f " )( - T ~^ = 0, 

for any /x > arbitrarily small. Moreover, for v 6 C 4 we have that, 

0(A,Uv) = 0(Z>*(r-)A + g, J D*(r-)Uv) 
" >) =0(A,Uv)+fi(g, J D^(r-)Uv), 

where the last equality follows from the fact that ^ is symplectic. From the asymp- 
totics of r and U we know that T~((p,T) = 0(t _1 ) and XJ((p,r) — 0(t 3 ) as 
t — > oo in D~. Thus, for every /x > 0, 

lim D^(T~ (<p, r))U(p, rjve^'^^ = 0, 

Imr— f±oo 



and taking into account (|3.12[) we get that, 

lim n(s(<P, T )i D^(T~ (<p, r))l%, r)v)e =Fl(T - ¥ ' ) = 0. 

Imr->±oc 

Finally, the previous limit and (|3.13p gives 



=F*(t— v>) 



fi(6 ± ,v)= lim n(A(v>,r),U(v>,r)v)e 

Imr— >±oo 

= lim ft(A(ip, r),V(tp, r)v)e =F,;(r ~ v) = ^(8 ± , v) . 

Imr— >±oo 

To conclude the proof of the theorem suppose that H is real analytic. It is 
sufficient to prove that for any v £ I 4 we have, 



(3.14) n(e~,v) = -sgn(?7)ft(e + ,v). 

Indeed, it follows from the previous equality that 0~ = — sgn(?7)0 + , from which 
we obtain 

K = -sgnfa) I 1 2 and J = -sgn(rj)Q(6^, 8~~). 



ANALYTIC INVARIANTS FOR THE 1 : -1 RESONANCE 



13 



We prove (|3.14|) considering n > 0. The r\ < case is proved analogously. 
According to (|3.8|) we can take r„ = — ia n where o~ n — > +00 is an increasing 
sequence of real numbers such that for every vfl we have, 

(3.15) fi(0-,v)= lim fi(A(0,-icr„),U(0,-iCT„)v)e cr ' 1 . 

n— I +00 

Remarks 14.51 and 14.101 imply that, 

A(0, —toy,) = A(tt, ia n ) and U(0, -ia n ) = U(ir, ia n ). 
Thus, taking complex conjugation in (|3.15|) we get, 

ft(6-,v) = lim fi(A(0, -icr„), U(0, -icr„))e ff " 

n— »+oo 

= lim 0(A(7r,icr n ),U(7r,i(j„))e l( - t ' T "- 7r) e- i7r 

= -n(e+,v), 

as we wanted to show. 

□ 

The invariant K, is known as the Stokes constant. If K, does not vanish then 
the asymptotic expansion (13.71) provides an exponentially small lower bound for 
the splitting distance |r + (<^, r) — T {ip, t)|, which implies that H is non-integrable 
and the normal form transformation diverges [31 j - 

Corollary 3.8. If JC ^ then H is non-integrable. 

3.4. Parametrized families. Let U C C 4 be an open neighborhood of the origin 
and denote by V>s C C the open disc of radius 6 centered at the origin. In this 
section we consider analytic one-parameter families of Hamiltonians H v with a 
generic 1 : — 1 resonance. We say that H v is an analytic family if, 

H v = -h + I 2 + rjll + F v , 

where v E H>s and F u : U —> C is analytic. We also suppose that F v is analytic 
with respect to v and for each v € , F v contains only monomials of order greater 
or equal than 5. Moreover, the elliptic equilibrium satisfies the non-degenerate 
condition n 7^ 0. 

For each v £ Dg the Hamiltonian vector field Xh v satisfies the assumptions of 
the previous theorems. In particular the function v 1— > K,(v) is well defined, where 
K.{u) is the Stokes constant of the Hamiltonian H u . The next result shows that the 
Stokes constant varies analytically with v. 

Theorem 3.9. There exist parameterizations Tj and a normalized fundamental 
solution U„ both analytic with respect to v 6 O5 such that Q ± : Hg — > C 4 is analytic. 

According to the definition of K. (see Theorem l3.7p we conclude that K, : H>s —> C 
is analytic. 

Proof of Theorem \3.9i Tracing the proofs of Theorems l3.ll and l3.3l we see that there 
exist formal series r„ and U„ such that the coefficients of the these formal series 
depend polynomially on a finite number of coefficients of H Vl which are assumed to 
be analytic with respect to v. Thus, the coefficients of both T v and U„ are analytic 
with respect to v. Note that the theory developed in Section[5]can be generalized to 
functions that are also analytic with respect to a parameter. Following the proofs 
of Theorems 13.21 and 13.41 and the fact that the fundamental matrix Uq defined in 
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(|5.17|) does not depend on v we conclude that there exist a normalized fundamental 
solution U„ and analytic parameterizations , all of which are analytic with 
respect to v such that U„ ~ U„ and ~ T y . Let = T+ — r~ . A closer look 
at the proof of Theorem 13.51 reveals that, 



A„(<p,t) = U v (tp, t)c v (t- ip) + R v ((p,T), 

where c v is an analytic 27r-periodic vector-valued function defined in a lower half 
complex plane, analytic with respect to v and c v (z) — > as Imz — > — oo. Moreover 
R v (<P,t) = Oie-V-^-v)) where the upper bound is uniform with respect to v 
and e is an arbitrarily small positive real number. As in the proof of Theorem 13.51 
we can write c„ in Fourier series: 

c v (z) = <d~(v)e~ lz + 0(e~ 2lz ), as Imz^-oo, 

where again the bound is uniform with respect to v. The first Fourier coefficient 
Q~ (u) is given by the well known integral, 

e-H = — / c„( s y s ds, 

27r J-ia 

for some a > 0. Clearly Q~(v) is analytic with respect to v. Arguing in a similar 
way one can also prove that is analytic. □ 

3.4.1. Example. We shall give an example of a Hamiltonian having non-zero Stokes 
constant. Consider the following analytic family H u of Hamiltonians, 

H v = -h+ h+vll + vq\, 

where 77 € C* and v E C. Notice that Ho = — 1\ + 1% + r]I^ is integrable since I\ is 
a first integral of H - 

According to Theorem 13.21 there exist r > and analytic parameterizations 
: Th x D^r —> C 4 . Following the arguments in the proof of Theorem 13.91 these 
parameterizations are also analytic with respect to v. Thus we can write them as 
follows, 

(3.16) r^To + ^ + O^ 2 ), 

where To is the parameterization of Hq (see (|5.14jl ) and £q satisfies the following 
equation, 

(3.17) X>£± = Ao(cp,T)^+X ql (r Q ), 

where A (ip, r) := DX Ho (T Q (ip,T)). For our convenience, let us write (see (|5.14p ) 
the expression for r , 

Tq((p,t) = (kt~ 2 cos^, kt~ 2 sin 95, kt" 1 cos<y9, kt _1 sini^) T . 

The homogeneous equation in (|3.17[) has a fundamental solution Uo(<^, t) given 
by (|5.17|) and having the following properties: it is symplectic, i.e., Uq JU = J 
and its last two columns are d v To and d T To respectively. Thus, by the method of 

i -J- r\ ciATvifi n nl/Mrv n I lAvrviiiInn Iav t 

' 



variation of constants we can write some integral formulae for ^ 



,0 

Co (<^ T ) = U (<^,t) / U 1 {ip + s,T + s)X q 5(T (tp + s,T + s))ds, 

(3.18) 
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The integrals above converge uniformly for r 6 D^r . Indeed a simple computation 
shows that, 

(3.19) X 4 (To)= (0,0,0,-^V T 

Taking into account the leading orders of Uo (sec (|5.17p ). we can bound from above 
the integral in the first formula of (j3. 18[) using the following integral, 

ds 



\t + s\ 2 



which converges uniformly with respect to r 6 D~ ,. A similar estimate shows that 
the second integral in (|3.18[) converges uniformly. 

Our goal is to compute the Stokes constant K,{v) of H v . According to the 
results of the previous section tC(v) is analytic with respect to v and by definition 
K,{v) = where ®f(y) are defined by the limits, 

9f(i/)= lim n(A^,r),d v T~(^,T))e^-^, 

Imr->±oo 

where A„ := T+ — T~ . Since Hq is integrable we know that /C(0) = 0. So in 
order to prove that JC(u) is non-zero for a certain v it is sufficient to prove that 
the derivative of Q 1 (u) at v — does not vanish. The following lemma provides a 
formula for computing this derivative, 

Lemma 3.10. Let Aq = £q~ — £q . Then, 

-7 i (°) = , lin i tt(Ao(^T)Ar (^r))e^-^. 

(11/ Imr— s-±oo 

Let us postpone the proof of this lemma. In order to use the formula of the 
previous lemma we have to compute the difference Ao = £g~ — £q~~ . It follows from 
(13~T51) that, 

/+oo 
F (<p + s,T + s)ds, 
-oo 

where F (p,r) := -Uq ^p, r)X g | (T (v, r)). 

Again, taking into account the expressions for Uo and (|3.19l) a simple computation 

shows that, 

(3.21) 

' 5k 5 cos ip sin <p 10k 5 sin 5 ip 10k 3 cosy sin 4 <p 3/-c 3 sin 5 y x 



F o(^) - | _,„ _,, ■ 3r 7 

Since Uo is symplectic, (I3.20P and (|3 . 2 1 1) imply that, 

r>(A (y, r), a v r (^, r)) = n (u {<p, r) f f (p + s, t + s )ds, d v r (<p, r) 

+°° 5k 5 cos(y + s) sin 4 (y + s) 
-oo F^T 
Let us denote the integral above by I(<p,t). Using the calculus of residues to 
compute this integral we obtain, 

(6.22) 1 ^ T >- d [ 2 3 9l e 2 49! 6 + 249! J' 
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where S = sgn(Im r) . Finally, Lemma 13.101 and ()3.22j) give, 

^ = Ira Hm oo O(Ao(^r),^r (^r))e^) = ± |^ 

Recall that k 2 = —2. Since r) 7^ 0, the previous equality implies that ^r(O) 7^ 0. 
Consequently K,(v) is non-zero for \v\ 7^ sufhciently small. 

Proof of Lemma \3. 1 0\ We prove the lemma for the — case, omitting the + case as 
it is completely analogous. According to the definition of we have that, 

(3.23) ej»= lim {l(A v ( V ,T),d v TZ(<p,T))e^ r - v \ 

Im r— > — 00 

where A„ = T+ - T~. Moreover, it follows from (pT2"2")) that, 

(3.24) ^ := lim ft(A ((f, r), d v r (<p, t)^^ < 00. 

Im r— 00 

Define the following auxiliary function, 

R(ip, r, u) = {fi(A„(p, T),d v TZ{<p, r)) - fi(A (^, r), ^r (^, r)>} e^^. 

Note that R is analytic in T/, x x C and 4p (93, r, 0) = 0. Moreover, it follows 
from ([3~23]) and (|3~!H| that, 

lim R((p, t, v) — Qq (v) — Fqu. 
Imr-f-oo 

Due to the uniform convergence of the limit we get at once, 



0= — lim R[(f,T,v) 

dv Im r— f — 00 



^(O)-fo- 



□ 



Corollary 3.11. Let G v by an analytic family. For every e > there exists an 
e-close analytic family H v , i.e., 

sup \\H V — G„\\ < e, 

veils 

such that the Stokes constant of FL V does not vanish on an open and dense subset 
of B t . 

Proof. By assumption G„ is in the general form, 

G v = -h + h + rilj + Fy, 

where F v is analytic and contains only monomials of order greater or equal than 5. 
According to Example 13.4.11 there exists £ ID ,5 such that the Stokes constant of 
the Hamiltonian H* = — 1\ + I2 + r?lf + v*q\ is non-zero. Let, 

H v ,x = G v + \{H*-G v «), AeC. 

Denote by K{y,X) the Stokes constant of Fl v ,\. It follows from Theorem 13.91 that 
K,{v*, A) is analytic with respect to A. Moreover, since H Vt \ = if* then lC(v*, 1) 7^ 
0. Thus, for any e > we can choose, 

7<pT.-G„.|r 1 e > 

such that there exists A* £ C with |A*| < 7 and tC(v*, A*) 7^ 0. Thus, H„ t \, is the 
desired family. □ 



ANALYTIC INVARIANTS FOR THE 1 : -1 RESONANCE 



17 



4. Asymptotic series 

In this section we prove Theorem 13.11 and Proposition 13.31 These results deal 
with formal series, therefore we do not care about the convergence of the power 
series involved. 

We will look for formal solutions of equation (|2.4|) in the class of formal power 
series in the variable t _1 with coefficients in T. To that end, it is convenient to 
transform H into its normal form and compute a formal solution in the normal form 
coordinates. Then using the normal form transformation we pullback the formal 
solution to the original coordinates. 

According to Theorem 12.11 there is a formal near identity symplectic change of 
variables x = $(z) that transforms the Hamiltonian H into its normal form, 

(4.1) H* = Ho§ = -I 1 +I 2 + r 1 ll+ a ^l{l^ 

3l+2k>5 

where I\, li and I3 are given in (I2.1[) and ai^ G C Note that the normal form 
(I4.1[) is rotationally symmetric, i.e., it commutes with the one parameter group of 
rotations 72.^,, 

(4.2) K V =( R * _M where R v = ( 

' * y R V J * COSly9 J 

In the following we look for formal solutions of, 

(4.3) Vz = X m (z), 

in the class of formal power series t" _1 T 4 [[t _1 ]] (which is to be understood as the 
formal power series in T 4 [[r -1 ]] without the constant term). 

Proposition 4.1. Equation (|4.3j) has a formal solution Z e t _1 T 4 [[t -1 ]] having 
the form Z(y>,r) = 1Z v !;(t) where £ € t _1 C 4 [[t _1 ]]. The components of £ satisfy, 

£i(t) = -<V(t) cos 0(t), £ 3 (t) = r(r) cos 6»(r), 

£ 2 (r) = -5 T r(r) sin 0(r), £ 4 (r) = r(r) sin 0(r). 

where 9,r G C[[t -1 ]] are odd formal power series having the leading orders, 
r(r) = K r- 1 + ... , = -^It" 1 + • • • , 

where k 2 = — . XTie formal solution Z is unique up to a rotation TZ^, i.e. Z and 

7?.7rZ are i/ie only formal solutions satisfying the properties stated above. Moreover, 
for any other formal solution Y £ r_1 T 4 [[V _1 ]] £/iere exist (¥>Q;To) € C 2 suc/i i/iai 
Y((/3,r) = Z(^ + (^0;T + r ). 

Proof. Setting z((^,r) = 7Z v £,(t) and taking into account that X^tt commutes with 
7^ (which has infinitesimal generator — X/J then equation (|4.3[) reduces to, 

(4.4) a T e = x HS+/l (o. 

It is convenient to change to polar coordinates given by, 

£1 = R cos 9 — — sin 9, £3 = r cos 9, 

(4.5) 

£2 = R sin + — cos 9, £4 = r sin 9, 
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where £ = (£1,^2, £3, £4). Note that h = 9. In these new variables equation (|4.4|) 
takes the form, 

(4.6) d T 6 = -%- ^ e<_1 ' A '> d T r = -R, d T Q = 0, 

3i+2j>5 

(4.7) a Tii= /'_ I + J? ^ + £ ^iev^-i. 

^ r ' 3i+2j>5 

We solve these equations formally in C[[t -1 ]]. Let us start with the third equation 
of (|4.6[) . Taking € C^t" 1 ]] and substitute into the equation we get immediately 
that 6(r) = 6 with 9 G C. Since 9(r) = £ 2 (t)£ 3 (t) - £i(t)£ 4 (t) and each & 
must be in t^C^t -1 ]] we conclude that 9 G t- 2 C[[t -1 ]]. Thus 6(r) = 0. 

We consider now the second equation of (|4.6I) and equation (|4.7I) . Setting 9 = 0, 
these two equations are equivalent to the following single equation, 

3 _ 2 (j + 1 ) Q 0,j+l „2.7 + l 



T 

23 + 1 



(4.8) d 2 r = ~nr 3 - ^ 

i>2 

Lemma 4.2. Equation (14.81) /ias a non-zero formal solution r having only odd 
powers of t~ . Moreover, 

(4.9) r(r) = kt- 1 - ^ao^r- 3 + ■ ■ ■ , 

where k 2 = —-. The solution is unique if we fix one of the two values for k. 
Moreover, for any other non-zero formal solution f G t _1 C[[t _1 ]] of equation (|4.8[) 
there exists tq such that r(r) = ±r(r + To). 

Proof. Let us take a formal series r(r) = X)fe>i r kT~ k an d substitute into equation 
(|4.8|) . After collecting terms of the same order in T~ k ~ 2 we obtain an equation 
which we can solve for the coefficient r^. Let us present the details. At order t~ 3 
we get the following equation for n, 

(4.10) 2ri = -ryr\, 

which implies that rf = — - (the other solution is trivially n which leads to the 
zero formal solution r = 0). Hence we let r\ = K where k 2 = — -. Note that n can 
take two distinct values. We choose one value for k and move to the next order. 
At order r -4 we obtain, 

6r 2 = — 3fyr 2 r 2 . 

Note that this equation is linear with respect to r 2 - Taking into account that n = K 
we can simplify the previous equation and conclude that it holds for every r 2 G C. 
Hence r 2 is a free coefficient. Since we are considering only odd powers of r we set 
this coefficient to zero. 

At this stage, we have determined r\ = n and r 2 = 0. Now we proceed by 
induction on k. First let us determine r^. It is not difficult to write the equation 
for r 3 which reads, 

r 6 s 

6r 3 = --a 0i3 ?V 

Thus T3 = — ^a 0t3 K 5 . Now suppose that all coefficients 77, 3 < I < k have been 
defined uniquely such that for I even we have ri — and for I odd we have r; = p(n) 
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where p£ C[k] and contains only odd powers in k. Due to the induction hypothesis, 
at the order r _fc_3 we have the following equation for rk+i, 

((k + l)(fc + 2) - 6)r k+1 = f k +i(n, ■ ■ • ,r fc ) 

where fk+i is a polynomial depending on a finite number of coefficients aoj+i for 
j > 2. Note that it is always possible to solve the previous equation with respect 
to rfc + i for k > 2 since (fc + l)(fc + 2) — 6 = only if k = 1 or k = —4. Now we have 
to distinguish two cases. First consider the case when k + 1 is even. Since the right 
hand side of equation (|4.8I) has only odd powers of r and according to the induction 
hypothesis r\ = for even I then fk+i = 0. Thus r^+i = 0. On the other hand, 
when k + 1 is odd then by the same reasoning as above it is not difficult to see that 
fk+i is a polynomial in C[n], having only odd powers of k, and r k +i is determined 
uniquely by the formula r k+ \ — {{k + l)(fc + 2) — 6) _1 /fe+i- This completes the 
induction. Finally let f 6 t _1 C[[t -1 ]] be a non-zero formal solution of equation 
(|4.8|) . We can write r — J2k>i rkT~ k . As before, we conclude that ff = k 2 thus, 
fi = ±k. Now for t 6 C we have that, 

r(r + r ) = __+...= -+-.. . 

T + To T T 

is also a formal solution of equation (I4.8p . Comparing the second order coefficient 
— tqk with the coefficient ^2 we conclude by the uniqueness of r that if To = — ^r- 
then f (t) = ±7"(t + To) and the claim is proved. □ 



Using the formal solutions 0(t) and r(r) we simplify the first equation of (|4.6j) 
to obtain, 

(4-11) ^ = -E^(E-' , x 



,^fcT 
j>l ~ \k>l 



Note that (j2k>i rkT fe ) e r 2:, C[[t and contains only even powers in t 1 . 
Thus equation f|4. 1 If) can be further simplified, 

3 r # = 5> fc T- 2fc , 

k>l 

where b k depend on a finite number of coefficients of r(r) and dij for j > 1. Thus, 



(4.12) 0(t) = 6 o + J2 



b 



k _-2fe+l 



2k + 1 

fc>i 

where 9o G C. We set 8 = 0. To conclude the proof, we show how to come back 
to the variable £. First observe that, 

2i 



(2i)! I ^ -2fc + l 
*>o v ; \fc>l 

and taking into account that the formal series inside the parenthesis of the right 
hand side of the previous formula is an even formal series in t _1 starting with the 
term t~ 2% we conclude that, 

(4.13) cos 0(t) =^ Wfc T- 2fc , 

fc>0 
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where Wk depend on a finite number of coefficients of 9(t). A similar formula holds 
for the sine which reads, 

(4.14) sme( T ) =]Tz fc T- 2fe +\ 

fc>0 

where depend on a finite number of coefficients of 0(t). Now according to the 
change of variables (|4.5[) the formal power series Z(r) := TZ v ^(t) is the desired 
formal solution of equation (|4.3[) where the components of £ are given by, 

£i(t) = ~d T r(T) cos 8(t), £ 3 (t) = r(r) cos 6»(r), 

= -9 r r(r) sin 0(r), £4 (r) = r(r) sin 0(r). 

The expressions dUU) and (j4~T4l) imply that & € t -1 C[[t~ 1 ]] for i = 1, . . . , 4, thus 
proving the first part of the proposition. Any other formal solution satisfying the 
same properties of Z (as stated in the proposition) will have the form, 

Tt v 1l0{T)+e o {-drr{T + r ), 0, r(r + t ), 0) t , 

for some ro,^o G C. Clearly for tq ^ 0, r(r + to) will be no longer an odd power 
series in t~ 4 . Thus tq must be zero. Moreover, equation (|4.10p implies that 9q = 
or 8q = n. Therefore, Z is uniquely defined up to a rotation 7Z n . Moreover, if 
Y e i" _1 T 4 [[t -1 ]] is another formal solution then there exists £ e t _1 C 4 [[t -1 ]] 
such that Y((p,T) = TZ^^t). Taking into account Lemma l4~2l and equation (|4.12p 
we conclude that 

£(r) = n e{ r) +Vo {-d T r(T + r ), 0, r(r + r ), 0) T , 
for some (<£>o, T o) € C 2 . This completes the proof of the proposition. □ 

Remark 4.3. If the Hamiltonian if is real analytic then its normal form if" is a 
formal series with real coefficients, i.e. if"(z) = if"(z). In particular, the normal 
form coefficient 77 is real. Depending on the sign of r\ we can say more about the 
structure of the formal solutions of (I4.3j) . If 77 < then one can trace the proof 
of the previous proposition and conclude that the coefficients of Z are real, i.e., 
Z(ip,r) = TZ^{t) where £ G t^R 4 ^" 1 ]]. Thus, Z(ip,r) = Z(<p,r) when 77 < 0. 
On the other hand, when rj > then the coefficients of Z are imaginary numbers, 

i.e. Z(ip,r) = iTZ v i{T) where £ G -T^R 4 ^- 1 ]]. Thus, Z(^,r) = Z(^ + tt,t) when 
7] > 0. 

Remark 4.4. The normal form Hamiltonian vector field A ff tt is time-reversible with 
respect to the linear involution, 

(4-15) S(qi,q 2 ,pi,p2) = (~qi, qs,Px, 

If the Hamiltonian if is real analytic then the formal solution Z satisfies, 

Z( ¥ >,r)=5(Z(-^, -¥)). 

The formal solution Z is said to be symmetric and this condition defines the solution 
uniquely (up to a rotation TZ^) in a coordinate independent way. 
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4.1. Proof of Theorem 13.11 By the normal form theory there exists a (non- 
unique) near identity formal symplectic change of variables x = $(z) that trans- 
forms the Hamiltonian H into its normal form = £/o$. Let z = (q, p) £ C 2 xC 2 . 
For our purposes, we can suppose that $ is in the general form, 

(4.16) (q,p)>-> q+ c M<lV,P+ *J<lV 

\ 2|i| + |j|>4 2|i| + |j|>3 

written in multi-index notation, for some aj,dij £ C 2 . According to Proposition 
14. II there exists a formal series Z £ t _1 T 4 [[t -1 ]] such that 2?Z = X H t(Z). Thus, 

t(cp,r) :=$oZ( P ,t)), 



is a formal solution of equation (|2.4p . Note that Z starts with terms of order 
r -1 . Thus, $ o Z belongs to the same class of Z since its coefficients can be 
computed from a finite number of coefficients of Z and <&. Moreover, we know that 
Zi(ip, t) = TZ v ^(t) where the components of £ have the leading orders, 

£i(t) = K t- 2 + ..., 6(r) = -^i T -3 + ... ; 

V 

V 

Taking into account (|4.16[) we obtain the leading orders of T as stated in the the- 
orem. Moreover, if T £ r _1 T 4 [[r -1 ]] is another formal solution of (|2.4[) then it 
is clear from Proposition 14.11 that there exist (^o, r o) € C 2 such that T(ip,T) = 

f{ v + Vo ,T + T ). a 



Remark 4.5. If the original Hamiltonian H is real analytic then r(</?, r) is also a 
formal solution of equation (|2.2j) . Indeed, 



VTfa f) = VT(<p, f) = X H (T((p, f )) = X ff (f (<p, f )) , 

where T> = + df- Moreover, since in the real analytic case the normal form 
transformation $ has real coefficients then Remark 14.31 implies that, 



T((p,f) = <$>{Z((p.,f)) = $(Z(<£ + 7T,t)) =r( V J + 7T,r), for 77 > 0, 



r(^f) = $(Z(^f)) = *(Z(vJ,T))=r(^T), for 77 < 0. 

Remark 4.6. If the original Hamiltonian iJ is real analytic and Xjj is reversible with 
respect to the involution (|4. 1 5[) then the normal form preserves the reversibility. By 
Remark l4.4l the formal solution T uniquely defined (up to a translation r(</5+7r, r)) 
by the following condition, 



T{<p, T )=S{T{-(p,-f)). 

Remark 4.7. Let n > 1 and r n be a partial sum of the formal series T up to order 
r - ™ -1 in the first two components and up to order r~™ in the last two. Then, 

(4.17) T>T n — X H (T n ) = (r-("+ 2 ) J R lin ,T-("+ 2 )i? 2in ,T-("+ 1 )i? 3 ,, i ,r- ( " +1) i?4,„) , 
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for some Ri in G T 4 [[t -1 ]], i = 1, . . . ,4. Indeed, for a formal series f = Y2k>i FkT~ k 
to solve formally equation (j2.4[) , then the coefficients T k must solve the infinite 
system of equations, 

(4.18) d v r k -X- Il+l2 (r k ) = (k-i)r k -i + Gk(r 1 ,...,r k -2), fceN, 

obtained from substituting the formal series into equation (|2.4[) and collecting terms 
of the same order in r~ k . The G k s are polynomials in k — 2 variables and can be 
defined in a recursive way. 

Since the first n coefficients of the sum T n solve (|4.18l) for k = 1 , . . . , n then 
in order to get (|4. 17|) we consider the equation (14. 18|) for k = n + 1. Note that 
the left hand side of equation (|4.18[) depends only on the fcth coefficient of the 
formal series T. Moreover, due to the form of the vector field X-i 1+ i 2 , the first 
two components of the expression in the left hand side of (|4.18[) only depend on 
the first two components of T k . These observations allow us to conclude (|4.17[) . 



4.2. Formal variational equation. In this subsection we prove Proposition 13. 31 
Consider the formal variational equation of Xh around the formal separatrix T, 

(4.19) Vu = DX H (t)u. 

Our goal is to construct a convenient basis for the space of formal solutions of 
equation (|4.19p . These formal solutions provide asymptotic expansions for certain 
analytic solutions of equation (13.3[) . We know already two formal solutions of the 
previous equation: d v T and d T T. Note that these formal solutions are linearly 
independent as formal series in T 4 [[t -1 ]]. Moreover, 

(4.20) n(d v r,d T r) = o, 

where f2 is the standard symplectic form (jl.ip . The previous equality follows from a 
more general fact: if Ui and U2 are two formal solutions of (|4.19p . then fi(ui, 112) G 
C. To prove this, note that 

2?n(ui,u 2 ) = n(Vu 1 ,u 2 ) + Q(u 1 ,Vu 2 ) 

(4.21) = Q(DX„(r)ui,u 2 ) + n(u Xj DX„{t )u 2 ) 

= 0. 

In particular, T>Q(d v T, d T T) = 0. Now we apply the next Lemma to get the desired 
equality. 

Lemma 4.8. Let g G t j T 4 [[t -1 ]] for some j G Z and suppose that T>g = 0. Then 
g = go G C. In addition, if j < —1 then g = 0. 

Proof. Let g = ^2 k< j g k T k where g k G T 4 . Substituting g into the equation Dg = 
and collecting terms of the same order in r k we get the following system of equations, 

d v9j = °> 

(4 221 

V ' ' d v g k + (k + l)g k+1 =Q, k<j-l. 

The first equation of (|4.22|) implies that gj G C. Now using the second equation we 
can solve for g k . Taking into account that g k G T 4 we conclude that (k + 1) <?fe+i = 
for all k < j — 1. Note that when k = — 1 we have no restriction on go and the 
Lemma follows. □ 
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Proof of Proposition 1 3. 3\ In the proof of Theorem 13. II we have obtained the formal 
solution r using the normal form Hamiltonian if" by defining T := $oZ, where 
<f> is the normal form transformation and Z is the formal solution of Proposition 
14.11 Also from the same proposition we know that Z = IZ^t; where 1Z V is defined 
in (|4.2[) and £ is a formal series having the form, 

(4.23) f (r) = (~<V(t) cos 0(t), -9 T r(r) sin 0(r), r(r) cos 0(r), r(r) sin 6»(t)) T , 

where r and are the formal series (|4.9|) and (|4.12|) respectively. In the normal 
form coordinates equation (|4.19p reads, 

(4.24) Vv = DX Ht (Z)v, 

where u = £>$(Z)v. We seek for formal solutions of (|4.24p in the form v = 
where £ E r J C 4 [[r _1 ]] for some j G 1. Similar to the proof of Pproposition 14. II the 
formal series £ must satisfy the equation, 

d T ( = DX m+Il (£)C 

Bearing in mind (|4.23l) . we now rewrite the previous equation in polar coordinates, 
(4.25) 

la\ l 21-1 l 1 , fl 2,i 21 I ^ 

d rWl = - ^ ^r w 2 - -2 + 2^ w 3 , d T w 2 = -w 4 , 

1>1 \ l>0 I 



d TW3 = 0, d TWi = ( 3^ 2 + Y: W-^ r 21 -* L 2 + £ fe^" ' „,,. 

i>3 / i>l 



where w = (w^), C = DA(6, r, 0, — <9 T r)w and A denotes the change of variables 
(|4.5j) . Note that A is symplectic with multiplier -1, i.e. (DK) T JDK = -J. We 
know already two formal solutions of equation (|4.25p : 



(4.26) w 3 = (1,0,0, Oy and w 4 = (d T 0, d T r, 0, -S£ 

In the original coordinates, these formal solutions correspond to d v T and d T T 
respectively. We now construct other two formal solutions that are formally inde- 
pendent of (|4.26p and belong to the class of formal series t j C[[t _1 ]] for some j 6 Z. 
Let us consider the second and fourth equations of (|4.25|) . They are equivalent to 
the single equation, 

(4-27) 0^2 = - Lr 2 + £ l{2l 2l l l a °- l r*A „* - £ W 

\ i>3 / l>l 

In order to solve the previous equation, we first study the formal solutions of the 
homogeneous equation. 

Lemma 4.9. The linear homogeneous equation, 

(4.28) <?> 2 = - ^ + g l ^_lphi r ^ j W2i 

has two linearly independent formal solutions, 

w 2 ,i e t- 2 <C[[t- 1 ]] and w 2 , 2 € ^[[t- 1 ]] 
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such that W2A is an even formal series and 102,2 an odd formal series. Moreover 
W2,l = d T r, w 2 .2 = + ^a , 3 K 3 T H and, 

(4.29) U>2,2<9 T W2,1 - W 2 ,ld T W2,2 = 1- 

Proof. That <9 r r is a formal solution of the homogeneous equation is obvious. More- 
over its properties follow from the properties of the formal series r. Now let us de- 
termine the second formal solution. It follows from the fact that the formal series 
r e t _1 C[[t -1 ]] is odd that the right hand side of the homogeneous equation ([4.28)1 
is a formal series of the form b = X)fc<-1 °ki~ 2k where bk depend on a finite number 
of coefficients of r and ao,i for I > 3. Moreover, according to (|4.9p we have, 

r(r) = kt _1 - ia 0i3 K 5 r -3 H , 

where k 2 = —-. Using the leading orders of r, we compute the first few orders of 
the formal series b for further reference, 

(4.30) &_i = 6 and 6_ 2 = -Hi^i. 

Now we are ready to solve equation (|4.28[) in the class of formal series. Thus, 
substituting the formal series W2.2 = J2k<i w 2,2,ki~ 2k+1 into equation (j4.28[) and 
collecting terms of the same order in r k we obtain the following infinite system of 
linear equations, 

-2 

(2fc(2fc+l)-6) W2 , 2 , fe = ^ , b,. k= 1,0,-1,... 

j=fc-2 

For fc = 1 we get no condition on the first coefficient, thus 1^2,2,1 € C. For 
k = we obtain 102,2,0 = — 5^2,2.1^-2- When fc < —1, a simple induction ar- 
gument shows that we can determine the coefficients u>2,2,/c (which depend linearly 
on the coefficient 1^2,2,1) in a recursive way by using the previous formula since 
(2fc(2fc + 1) — 6) = only if k = 1 or k = — |. Finally let us derive the equality 
P"29l . Since, 

<9 T (u>2,2<9 T W 2 ,l - ^2,l5rW 2i2 ) = 0, 

due to the fact that both W2,i and u>2,2 solve the homogeneous equation (I4.28[) we 
have that u>2,2d T W2,i—W2,id T W2,2 is equal to some constant. Taking into account the 
leading orders of the formal solutions 102,1 an d 1^2,2 we conclude that 102,2^^2,1 — 
W2,id T W2,2 — 5Kt02,2,i- As 102,2,1 is & free coefficient we can define 102.2,1 '■— ^ and 
obtain the desired equality. □ 

Returning to the non- homogeneous equation (I4.27p . we see that the last term 
of the right hand side of the equation depends on 103 from which we know that 
<9 r u>3 = 0. Thus u> 3 = 103.0 G C is a constant. Now, taking into account that r is 
an odd formal power series we conclude that, 

l>i 

is an odd formal series whose coefficients depend on a finite number of coefficients 
of r and a% t i for I > 1. Using the well known method of variation of constants we 
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can write the general formal solution of (|4.27|) as follows, 

(4.31) W 2 — CiW 2 ,l + C 2 W 2 ,2 + W 2 ,2 J ^2,15^3,0-^2,1 J W2,2gW 3t0 , 

where W3 t 0i c li c 2 S C. Note that the integration in the previous formula is well 
defined in the class of formal series C[[r _1 ]][[r]]. Indeed, it can be easily checked 
that i02,i<? € t_3( C[[t _1 ]] is an odd formal series and w 2y2 g € r 2 C[[r -1 ]] is an even 
formal series. Hence both integrands do not contain the term r . Next we define 
two particular formal solutions of (I4.27|) . 

(4.32) w 2 := w 2i2 and w\ := w 2i2 / w 2 jg - w 2 ,i / w 2 , 2 g. 



The first formal solution corresponds to setting c\ = u> 3 .o = and c 2 — 1 in the 
general solution (|4.31l) and the second corresponds to c\ — c 2 = and w 3i o = 1. 
Note that w 2 € r 3 C[[r -1 ]] is an odd formal series and w\ € rC[[r -1 ]] is also odd 
formal series. 

Now coming back to the first equation of (|4.25j) . we can rewrite it as follows, 

d T wi = -gw 2 + fw 3t o, 

where, 

/>o 

It is not difficult to see that / € t 2 C[[t -1 ]] is an even formal series. Moreover both 
gw 2 € r 2 C[[r -1 ]] and gw^ 1 € Cffr^ 1 ]] are even formal series. These observations 
allow us to conclude that the following are formal solutions of (14.25[) , 

(4.33) 10? = - J gwl and w{ = - J gw\ + J f, 

which are well defined in the class of formal series C[[t _1 ]][[t]] and moreover 
Wi,w{ € r 3 C[[r~ 1 ]] are both odd formal series. Thus we obtain two formal so- 
lutions of (|4.25l) defined as follows, 

wi :— (w\, w\, 1, — d T wl) T and w 2 :— (wj , w 2 , 0, — d T w 2 ) T . 

Note that {wj i=1 4 is a set of linearly independent formal solutions of equation 
(|4~25l) and that, 

fi(wi, w 2 ) = Q, n(w 2 ,W4) = -l, fi(wi,w 4 )=0, 

(4.34) 

£!(w 2 ,w 3 ) = 0, fi(wi, w 3 ) = -1, f2(w 3 ,w 4 )=0. 

where Q is the canonical symplectic form in the polar coordinates, i.e., f2 = d9 A 
+ dr A dR. The bottom identities of (|4.34[) are straightforward to prove using the 
definition of Wj . The ones on the top are harder to prove and so we handle them 
bellow. First note that similar arguments as in (|4.2ip show that 9 r f2(wj, Wj) = 
for i,j — l,...,A. Secondly, it follows from Lemma [4791 and from (|4.9[) that, 

t 3 7 1 

(4.35) u> 2 .2(t) = — + -j^ao,3K 3 T H and r(r) = kt^ 1 - -a , 3 K 5 r" 3 H . 

5k 40 8 

Now we compute f2(w 1; w 2 ). Using the definition of both ~Wi and w 2 we get 
f2(wi, w 2 ) = — wl — w 2 d T w\ + d T w^w\. 



2(5 



JOSE PEDRO GAIVAO 



Bearing in mind ()4.32|) and ()4.33|) we can simplify the previous expression and 
rewrite it as follows, 

f2(wi, w 2 ) = (l - w 2 ^ 2 d 2 r + <9 T w 2:2 <9 T r) / gw 2 ,2- 

Now using the leading orders (|4. 35[) we conclude that the expression inside the 
parenthesis in the previous formula belongs to t _4 C[[t -1 ]]. Moreover J gw2,2 & 
i" 3 C[[t -1 ]] and consequently f2(wi,wa) € t — 1 C[[t -1 ]]. Applying Lemma [4.81 we 
get f2(wi,wa) = as we wanted to show. 

Now we handle f2(w2,W4). Again, it follows from the definitions (|4.32[) that, 

f2(w 2 ,W 4 ) = W2,ld T W-2,2 —W2,2d T W2,l ■ 

The identity now follows from (|4.29l) . 

At last, let us compute f2(wi, W4). Again using the definitions of the power 
series wi and W4 we get, 

n(wi, W4) = d T 9 + W2 1 d T R + d T rd T w2 l ■ 

This last expression belongs to t~ 2 C[[t -2 ]] and applying Lemma l4~8l we obtain the 
desired result. 

Coming back to the coordinates of equation (|4.24l) we define, 
Vi(<p, t) := K v DA(9{T),r{T),0, -d r r(r))w, (r). 

Clearly the matrix V = (vj) - =1 4 consists of linearly independent formal solu- 
tions of equation (14.24[) such that V3 = c^Z and V4 = d T Z. Moreover, a simple 
computation shows that, 



DA(6,r,0,-d T r) = 



where A» € C[[r x ]] for i = 1, . . . , 10. Thus, taking into account the definition of 
Wi and W2 we conclude that, 

vi = (tvia,tv 2 s 1 t 2 v 3A ,t 2 v 4 . 1 ) T , 

V 2 = (t 2 V 1: 2,T 2 V2,2,T 3 V 3 ,2,T 3 V4,2) T , 

for some Vi,i,Vi,2 G T[[t -1 ]], i = 1, ...,4. Since A is symplectic with multiplier — 1 
and taking into account the identities (|4.34p we get, 

(4.36) V T JV = J. 

Finally, pulling back the formal solutions Vj by the normal form transformation $ 
we obtain the desired formal fundamental solution U := D$(Z)V. Similar to the 
proof of Theorem l3.11 U belongs to the same class of formal series as V. Moreover, 
(I4.3GP implies that U T JU = J. In order to conclude the proof of the proposition, 
note that by the method of variation of constants a general formal solution of 
equation (14.19|) is of the form Uc where c is any formal series in T : 'T 4 [[r _1 ]] for 
some j £ Z, such that T>c = 0. It follows from Lemma [4.81 that c <E C 4 . Thus, 
if U is another formal fundamental solution of (|4. 1 9[) then there exists a matrix 
E E C 4x4 such that U = TJE. Since U and U are symplectic it also follows that E 








A 2 


A3 \ 


t- 2 A a 





tA 5 


r-'Ae 


t- 2 A 7 


A R 








{r^Ag 
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must be symplectic. Moreover, as the third and fourth columns of U have to be the 
derivatives of T then a simple computation shows that one can reduce the number 
of entries of E to obtain (|3.5[) . This concludes the proof of the proposition. □ 



Remark 4.10. Similar to Remark l4.5[ one can trace the proof of the previous propo- 
sition and conclude that when H is real analytic then, 

't%,r) if 77 < 

U(<£ + 7T,t) if i] > 



U(?J,t) = 



Remark 4.11. For n > 1 let U n be a partial sum of the formal series U up to order 
r -n-i m £ rs j. ^- w0 com p nents (of each column) and up to order r~ n in the 
last two components. Similar to Remark 14. 71 we have that, 



VU n -DX H (T 

n+3 )U„ 
for some £ij € T[[t -1 ]]. 



/ T -n 


~ 2 C 

sl,l 


T -n 


~ 2 e 


T~ 


-n-2t 

?1,3 


r -n 




T -n 




T -n 


-2f 
?2,2 


T~ 


-ti-2t 

S2,3 


T -n 


-2f 
S2,4 


T ~n 


"^3,1 


T -n 


4^3,2 


T~ 


n — 1 c 

S3, 3 


r -n 


_1 C3,4 




"^4,1 


T -n 


_1 4^4,2 


T~ 


n — 1 1 

S4,3 


T -n 


-1 4W 



5. Linear operators 



In this section we define certain complex Banach spaces and study some linear 
operators acting on them. The linear operators and motivated by the study of the 
solutions of the nonlinear PDE (|2.4|) . These technical results are at the core of the 
proofs of the main theorems of this paper. 

5.1. Solutions of Vu = f. Fix h > and let T h = {(p E C/2ttZ : \lm(p\ < h}. 
We consider the problem of solving the linear PDE, 

(5.1) Vu = f, 

where T> = d v + d T is a first order linear differential operator and u and / are 
analytic complex-valued functions defined in x B where B is some domain of C. 

The simplest case is when / = 0. As one would expect, by using the method of 
characteristics, a solution of the homogeneous equation Vu = must be a function 
which is constant along the characteristics 

ip = 1 and t = 1 . 

Thus, u is a function depending on a single variable, say r — <p. The next result 
determines such function and its domain of analyticity. 

Lemma 5.1. Let u : T/j x B — > C be analytic and suppose that Vu — 0. Then there 
exists a unique analytic function c : Utgb t + — > C such that u(tp, r) = c(r — if) . 

Proof. Given tq £ B let 

n T0 = {(<p,r) e T h x B : p-T + T e T h ] . 

Note that fl T0 is an open and connected set of C 2 . The initial value problem, 

(5.2) 

has £ 

variable r — tp and is defined in the translated horizontal strip tq +Tfe. By the main 




= u(tp,T ) 

has a solution £(ip, r) = u((p — t + tq, tq). Hence £ is an analytic function of a single 
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j /\ 



Figure 3. The set {l + e _iarg ( T )t : t < and r eD~}. 



local existence and uniqueness theorem for analytic partial differential equations 
(see [7] for instance) we conclude that u = £ on Q To . Thus u(ip, r) = u(ip— t+tq, to). 
Taking into account that T/j x B = {J Ta eB^"rn ano - the uniqueness of analytic 
continuation we get the desired result. □ 

When / is non-zero and defined in T/, x D^r, where the sets D^r are depicted in 
Figure [TJ then equation (15. ip has two solutions, 



u (<p,r) 



f(ip + s,T + s)ds and u + (ip, r) 



S,T 



s)ds, 



provided the integrand in both functions is well defined in the domain of / and the 
corresponding integral converges. 

Proposition 5.2. Let r > 1 and f : Th x _D,7 — > C be analytic and continuous in 
the closure of its domain. Moreover, suppose that \ f(tp,T)\ < pi for some Kf > 
and p > 2. Then, 



u (cp,T) = 



fifp- 



s)ds, 



defines an analytic function in x D r , continuous in the closure of its domain. 
Moreover, 



(5.3) 



K P -iK f 



ip-i ' 



for some K p > independent of r. 

In order to prove this proposition we need the following estimate, 
Lemma 5.3. Let p > 1, r € . Then there exists a constant K p > such that, 



(5.4) 



1 a <r K p 
rrds < : — 5 



Proof. The proof of this lemma follows from simple estimates. First, using a suitable 
change of variables we can write, 



ds 



1 



oo T 



IP+1 



rg( T )t 



P+l ' 
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Now we show that the integral in the right-hand-side of the previous equation is 
bounded by a constant which only depends on p and 6 (see the definition of in 
To that end we split the integral, 



dt 



1 



p+i 



dt 



dt 



1 



l-i |l + e - iai 'g( T )t| p+1 

and estimate each term separately. Clearly |l + e~ la * e ( T >t\ > sin 9 for all t < and 
t £ D~ (see Figure©. Thus 

'° 1 



i |l + e _iar s(T)f 



p+i 



< 



sup 



< 



te[-i,o] 1 + e" 
1 



?(T)t| 



(sin(9) p+1 



On the other hand, 



1 + e -iarg(r) i 



Thus 



1 + e 



-iarg(r) 



= 1 + 2tcos(arg(r)) + t 2 

> cos 2 (arg(-r)) + 2t cos(arg(r)) + i 2 
= (cosarg(r) + i) 2 . 

>\t + cos(arg(r))| , Vtel VreD; : 



which implies that, 

- 1 dt 



> 1 + e- <ar e(T)^ 
and the result follows. 



p+i 



< 



1 



< 



1 



p (1 — cos(arg(r))) p p(l — cos0) 



□ 



Proof of Proposition 1 5. lit Let / : T/, x Z? r — > C be an analytic function as defined 
in the statement of the proposition. Moreover we know that \f(<p, t)| < j^p- for 
some if/ > and p > 2. For AT > we have (<p-N,T-N)€ T h x D~. Thus, 

— iV /-O 

\f(ip + s,T + s)\ds < / 1/(93- AT + s,r- Ar + s)|ds 



(5.5) 



< 



< 



K 



f 



, |r-A^ + .s| p 
^p-i^/ 



" Ir-iVr 1 ' 

by Lemma 15.31 Hence, the integral f_ N f(ip + s, r + s)ds converges uniformly in 
T/, x Z?~ as AT — > +00. We can apply a classical result of analysis (see for instance 
[5] on pag. 236) to deduce that, 

u ~( ( P,'r) = f((p + s,T + s)ds, 



is an analytic function in x _D,7 . The continuity in the closure of its domain also 
follows from the continuity of / and the uniform convergence of the integral (|5 . 5[) . 
The upper bound for u~ follows from (|5.5p with N = 0. □ 
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Remark 5.4. A similar proposition holds for the function, 

f+oo 

u + (v,t)=- f((p + s,r + s)ds, 



which is defined in x Dj . 

Now we consider the problem of solving equation (|5.1I) but for functions defined 
in Th x D\ where, 

D l r = D+ n D~ n {r G C : Imr < -r} . 

Regarding this new domain we can not repeat the same arguments of Propo- 
sition 15.21 since does not contain an infinite horizontal segment. In order to 
overcome this difficulty, we construct an analytic solution of (|5.1|) using a tech- 
nique similar to the partition of unity, originally developed by V. F. Lazutkin in 
|16) . This technique relies on a version of the Cauchy integral formula for analytic 
functions which we now describe in detail. 

Let C(dD}.) denote the set of bounded complex- valued Lipschitz functions x '■ 
dDh — > C with the norm, 



llxll = sup|x(x)| +sup 



x{x) - x(y) 



y 



Lemma 5.5 (Cauchy integral). Let \ € C(dD^) and f: Th X — > C be a bounded 
analytic function having a continuous extension to the closure of its domain. More- 
over, suppose that 

Jf = ^- I |/fo>,T)||dr|<oo, VtpETh. 

2n JdDl 

Then 



%','>") = —/ d£ 

27rl JdDl ? _ T 



defines two analytic functions hi n t and h ext defined in T^ x D\ and Tj, x C \ D}, 
respectively. Moreover, both functions extend continuously to the closure of its 
domains and 

I '<>int,ext fa,r)| < Hxll (Jf + sup |/|). 

Proof. This lemma is a parameterized version of Lemma 9.2 in Its proof is 

completely analogous and we shall omit the details. □ 

Remark 5.6. If supp(x) C dD\ then hint — hext on C \ supp(x) 

Proposition 5.7. Let e > 0, p > 4 and r > max |2, j ■ Suppose that 

f : Th x D\ — > C is analytic, continuous on the closure of its domain and there 
exists Kf > such that 

\^,r)\< [rPe S_ y) | , V( V ,r)€T fc xDj. 

T7ien equation Du = f has an analytic solution a:T/, X — > C, continuous on 
the closure of its domain, such that 

4K f K p - 3 1 
ufw.r) < — - — ; rr 
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Figure 4. The domain D r 



Proof. Following the ideas of [TT] we define the domains, 

D~ = {r G C : |arg(r + r) \ > 9 and Imr < — r} , 
B+ = {t£C: -r €£»"}. 

Note that =D+nf)-. Let fj,(ip,r) = T P-z e Hr-<p) and f(tp,r) = fi(<p,T)f(<p,T). 
We use the previous lemma on the Cauchy integral to write the function / as a 
sum of two functions analytic in T/j x D^r respectively. To that end, we define a 
partition of unity for the set dD}, as follows. Let x '■ R — ^ [0, 1] be a smooth function 
such that x(t) = for t < -1, x(*) = 1 for t > 1 and |x'(*)| < 1 for all t G M. 
Define two functions x^ '■ — > [0,1] by, 

X + (t) = x(Re(r)) and x~(t) = 1 - X + (t) ■ 

Clearly X ± € £(aD*) and ||x ± || < 2. Since r > (see Figureg]), T h x 

Z>± ->• C defined by 

is analytic, continuous on the closure of its domain. Moreover 

= -J^— (f-(V,T)+f + (ip,T)) . 

Hence, 

(5-6) «(„, r) = T ^ + ^ + ^ - f °° + + 

is a solution of equation T>u = f provided the integrals in (|5.6[) converge uniformly. 
Let us show that the first integral defines an analytic function in Tj, x I)J. The 
second integral can be handled analogously. 
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Applying Lemma 15.31 and the upper bound from Lemma 15.51 to the first term of 
5.6|) we get, 



/ (lf + S,T + s) 



H((f + S,T + s) 



ds < 



< 



|X" || (J/ + sup l/l) 

\ e ie(r—tp) I 



|| X -||(J/ + SUp|/|)if p -3 
\ T p-3 e it(T-(p) I 



Clearly ||x"|| < 2, sup |/| < K f /r 2 and Jj < Since r > 2 we get, 

||x" 

which implies that, 



1 



IP— 2 



ds 



IK i 

{J~ f + sMf\)< 
j r 



(5.7) 



■ S,T 



fl((p + S,T + s) 



ds < 



2K f K 



r p-3 e ie(T-ip) 



Similar to the proof of Proposition 15.21 for p > 4 the integral converges uniformly 
in Th x D~ . Hence, it defines an analytic function in T/j x D~ . The continuity 
on the closure of x _D,7 also follows from uniform convergence and continuity of 
/ _ . In an analogous way we conclude that 



0,r) h-> 



/ (<f + S,T + s) 
fi((fi + S,T + S) 



ds 



is analytic in Th x D+, continuous on the closure of Th X and having the same 
upper bound (|5.7[) . Putting these upper bounds together we obtain, 



and the proof is complete. 



^KfKp-3 



1 



\ T p-3 e ie(T-<p) I 



□ 



5.2. Linear operator C. Let B C C be an open set which does not intersect 
a neighborhood of the origin. Both sets and their intersection satisfy this 
condition for r sufficiently large. Let p £ Z and denote by X p (Th x B) the space of 
analytic functions / = (/i, . . . , f^) : T/j x B — > C 4 which have continuous extension 
to the closure of its domain and have finite norm, 



l/ll 



sup 



(|rP +1 /i(^r)| +\r^ 1 h( V ,r)\ 



|T p /3(^r)| + |rf/ 4 (^,r)|) <oo. 



The space X p (Th x B) endowed with the norm ||-|| as defined above is a complex 
Banach space. When f £ 3L p (Th x B) we occasionally write 



--P-1 



4 



where the norm of / is now ||/|| p = sup \ fi( L Pi T )\- 

For \i > let 2) M (T^ x B) be the space of analytic functions £ = . ,£4) : 

Th x B — > C 4 which have continuous extension to the closure of its domain and 
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have finite norm, 



u\\,= sup Yl k <(T ~ v) 6to T ) 

( V ,r)eT h xB i=1 I 



< 00. 



Given two Banach spaces (X, IHI^) and (2J, ||-||m) we define the usual norm on 
the space of linear operators C : X — > 2J as follows, 

urn m) h 
\\C\\ fBX = sup J . 

To simplify the notation we will not write, when it is clear from the context, the 
dependence of the Banach spaces from the domains where the functions are defined. 
Moreover, we will write the norm of a linear operator C : X p — > X q as ||£|| gp and 
the norm of a linear operator C : 2J M — > 2) M ' as ||£|| , . 

Let A : T/i x £> — > C 4x4 be an analytic matrix- valued function and define C : 
X p — > X p according to, 

(5.8) r(0(v,r)=X>^,r)-^,r)^,r), 

where T> = d v + d T is the same differential operator defined in the previous section. 
We say that a 4-by-4 matrix- valued function U : x B — > C 4x4 is a fundamental 
matrix of £ if £(U) = 0, dct(U) = 1 and the columns (iij)j of U satisfy Ui e X_ 2 , 
u 2 G X_3, u 3 e Xi and U4 e I 2 - We also define, 

(5.9) K v := max{||u 1 ||_ 2 , ||u 2 ||_ 3 , HusHj , ||u 4 || 2 } . 

In the following wc will be concerned with the problem of solving equation £(£) = / 
for a given analytic function / : x B — > C 4 with some prescribed behavior. In 
other words, we want to invert the linear operator C in the Banach spaces defined 
above. To that end, knowing a fundamental matrix U for C we can use the method 
of variation of constants as follows: let £ = Uc where c : T/, x B — > C 4 is analytic. 
Substituting into £(£) we get, 

£(0 = V (Uc) - AUc 

= (DU)c + UVc - AUc 

= (DU - AU) c + UDc 

= UDc. 

Note that U has determinant equal one, hence invcrtiblc. Thus £ = Uc is a solution 
of equation £(£) = / provided c satisfies the equation, 

(5.10) Vc = U" 1 /- 
A simple computation shows that we can write, 



(5.11) U 



(t^Ux.x T~ X U\2 T~ 2 Ul j3 T~ 2 U M ^ 

T~ 2 "2,l T~ 2 U 2 ,2 T~ 3 U 2 , 3 T~ 3 U 2 A 

T 2 "3,l T 2 U Z .2 ™3,3 ™3,4 

y T 3 U 4 , 1 T 3 U 4 , 2 T 2 U 4j3 T 2 U 4 ,4 J 



for some functions mj : x B — >• C, analytic with continuous extension to the 
closure of T/j x B. Moreover, 

(5.12) Kjj-i := max < sup \uij(ip, r)| > < 00 . 

« 1(^)6^x5 ' I 
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Depending on the sets where U and / are analytic we can use Propositions 15.21 and 
15.71 to obtain a solution of (|5.10j) . thus constructing a right inverse for L. Before 
stating and proving a couple of theorems that make the previous discussion precise, 
let us present an example that motivates the definition of C and its fundamental 
matrix. 



5.2.1. An example: Cq. Here we define a linear operator Cq in the form of (|5 .8[) . 
This linear operator plays an important role in the perturbation theory developed 
in the subsequent sections. Let us consider the following PDE, 

(5.13) Ox=X Ho (x), 

where Hq denotes the leading order of H which we recall for convenience 

#o = 

A direct computation shows that, 



-h+h + -nil 



(5.14) 



To(tp 7 t) = (kt 2 cos tp 7 kt 2 sin ip, kt 1 cos<p, kt 1 siny>) T , 



solves equation (|5.13[) where k 2 = — ~. Indeed, using the polar coordinates, 

qi = RcosO, pi — rcos#, q 2 = -Rsin#, p 2 — rsiuO. 

we see that equation (|5.13p reduces to the following equations, 

V6 = l, Vr = -R, T)R = r/r 3 . 

The last two equations define a second order differential equation T> 2 r = —r/r 3 
which has a solution r(ip,r) = Thus R(ip,r) — A. Now using 6(tp,T) = ip 
as a solution of the first equation we get the desired solution T Q . The linearized 
Hamiltonian vector field Aq := DXh (Tq) evaluated at Tq reads, 



(5.15) 



1 


-l 




1+2 cos 2 p 

T 2 

sin(2<£>) 

T 2 


sin(2^) 
1+2 sin tp 


-1 








-1 


Vo 


-1 


1 






Note that Aq does not depend on the choice of k. Moreover Aq : x C* 
is analytic. Define Cq : X± —¥ Xi by 

(5.16) £(>(.£)(¥, r) = Vfa, t) - A (ip, r)t(<p, r) . 

It can be checked directly (or using the polar coordinates as before) that, 



-<4x4 



(5.17) 



U (<£,t) 



2t sin p, 


3t 2 cos tp 


k sin >p 


2k cos tp 


3k 


5« 






2r cos tp 


3r sin tp 


K COS p 


Ik sin p 


3k 


5k 






t sin <p 


T COS (p 


k sin tp 


K COS if 


3k 

cos tp, 


5k 


T 


T 2 


t sin tp 


K COS p 


k sin tp 


3k 


5k 


T 





is a fundamental matrix for the linear operator Co. Moreover, Uo(</?, t) is symplectic 
for all (<ys, t) e T h x C*. In particular, det(U ) = 1. 
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5.2.2. Inverse theorems for the linear operator C 

Theorem 5.8. Let p > 3, r > 1 and suppose that the linear operator C : X p (Th x 
D~) —¥ X p (Th x D~) has a fundamental matrix U. Then C has trivial kernel. 
Moreover there exists a unique bounded linear operator C" 1 : X p +i(Th x D~ ) — > 
X p (T h x D~) such that LC,- 1 = Id. 

Proof. Let us prove the first assertion of the theorem: kernel of C is trivial. To 
that end, let £ e X p (Th x D~) such that £(£) = 0. Then, according to (|5 . 10[) 
we have that Vc — where c = U _1 £. Applying Lemma [5.11 to each component 
of c we conclude that c((p, t) = co(r — ip) where Co : C — > C 4 is a 27r-periodic 
entire function. Moreover, since Co = U _1 £ we can bound Co as follows. Let 
£ = (t-p- 1 Z u t-p-%,t-p£ 3 ,t- p U) t . Then (I5TT1) implies that, 
(5.18) 

/ 4 4 4 4 \ T 



c = 

\ i= 1 4 — 1 4 — 1 4 — 1 




It follows from (I5.12p that the functions 

^i,7 Eire bounded. Thus, Co is bounded 
for p > 3. An entire bounded function must be constant by Liouville's theorem. 
Moreover, since Co(s) — > as Ims — » ±oo we conclude that Co = 0, thus proving 
that the kernel of L is trivial. 

Now let us construct an inverse of C, i.e., solve equation £(£) = /, where / G 
Xp+iiTh x D~). Let £ = Uc. Then c must satisfy, 

(5.19) Vc = \J- 1 f. 

Let / = (r-P-Zf^T-P-if^T-P-if^T-P-ihf and .g = U" 1 /- Taking into ac- 
count (|5.11|) we can write 

4 4 4 \ T 

"l.i/i, T" p " 4 ^ U 2 ,ifi, T~ P ^ u 3,ifh T~ p+1 ^ u i-ifi J ■ 
i=l i=l i=l / 

Bearing in mind that ||/|| p+1 < oo and (|5.12[) we can bound the components of g 
as follows, 

|ffifa,r)|< ^3 , \gt{(p,r)\< —+3 , 

|g3(y,T)i < u i^p^^ 1 , |g4(y,r)l< u J-i P+l ■ 

For p > 3 we can apply Proposition 15.21 to each component of equation (|5.19|) and 
conclude that there exists an analytic vector- valued function c = (01,02,03,04) : 
Th x D~ — > C 4 , continuous in the closure of Tf, x D~ such that, 

Xp + 2i\u-i ||/||p + i . . K p+3 K v -i 11/11 +1 

l c l(<^)l < j^+2 . IW,t)|< ^3 , 

^ ^-i^u-^ll/IU! . , . Kp-iKy-i \\f\\ p+1 

\c 3 (<P,t)\< — — — , \c a (<p,t)\< —32 — —■ 

t rr 
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Finally, define the linear operator £ 1 as £ 1 (/) = £ where £ = Uc. Using the 
previous estimates we obtain the following upper bounds for the components of £: 

k k 

\^{<P,r)\ < j^p+T ll/llp+i > < — pi ||/|| p+1 , 

M<P,t)\ < ^ \\f\\ p+1 , M^r)\ < ^ \\f\\ p+1 , 

where K = {K^+Kp+s+K^+K^KxjK^-i. Consequently \\£\\ p < K \\f\\ p+1 

yielding l^" 1 !! < K. Thus 
■' ° ii iip,p+i — 

C- 1 : X p+1 (T h x D~) -> X p (T h x £,7) 

is a bounded right inverse for £. The uniqueness follows from the kernel of £ being 
trivial. □ 



Theorem 5.9. Let p > 3, r > max|2, 1 2 t t a " n e 6) | and suppose that the linear opera- 
tor £ : XpfTh x Dl) — > X p (T/j x D^) has a fundamental matrix U. Then the kernel 
of £ consists of functions of the form 

U(<p,t)c(t - tp) 

where c : {s G C : Ims < ft, — r} — > C 4 is analytic, 2ir -periodic, continuous in the 
closure of its domain and c(s) — > as Ims — > — oo. Moreover, 

(1) iftere exists a bounded linear operator £ _1 : JLp+^^h x -D^) ~~ ^ Xp(T^ x Z?, 1 ) 
swcft iftai ££ _1 = Id, 

(2) /or any Q < // < // iftere exists a bounded linear operator £~ 1 : ^^(Th x 
A 1 ) 2V( T fc x A 1 ) s «c/i tfta£ CC~ X = Id. 

Proof. The proof of the first part of this theorem is almost identical to the previous 
one except that the functions are now defined in IV x D\. As before, if £ € 3£ p such 
that £(£) = then by the method of variation of constants T>c — where c = U -1 £. 
Applying Lemma l5.1l to each component of the vector function c, we conclude that 
c(tp, t) — Co(t — ip) where Co : {s 6 C : Ims < h — r} — > C 4 is an analytic, 2ir- 
periodic vector-valued function. Moreover, as in the proof of the previous theorem 
we conclude that Cq(s) -> as Ims — > — oo, thus proving the first part of the 
theorem. For the second part, let us first prove item ([T]). We shall construct an 
inverse of £ by solving the equation £(£) = / where / € £ p +3(Th x -D, 4 ). Again, 
we look for a solution using the method of variation of constants. Let £ = Uc. As 
before, c must satisfy 

(5.20) Vc = U" 1 /- 

Let / = {T- p - 4 f 1 ,T-P- A f 2 ,T-P- 3 f 3 ,T-P- 3 f i ) and g = U" 1 /. Taking into account 
(|5.1ip we can write g as follows, 

( 4 4 4 4 

8=1 i=l i=l i=l 
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Bearing in mind that ||/|| p+3 < oo and (|5.12j) we can bound the components of g 
as follows, 

|gi(y,r)|< u P +J p+3 , |ga(y,T)l < u ,,l+! P+3 > 

Ky-i ll/H +3 Ifrj-i ll/H +3 
|03(P,T)| < > |34(^T)I< -p+i • 

Since r > max|2, ^twO } we can a PP^ Proposition 15.71 with e = and p > 3 to 
each component of equation (|5.20l) and conclude that there exists a vector- valued 
function c = (01,02,03,04) : T/j x D~. — > C 4 such that each Cj is an analytic function 
in Tft x Z) 1 . , continuous in the closure of its domain and satisfying, 

4^+2^U-i ||/|| p+3 4^+3^-! ||/|| p+3 

l Cl ^' T )l ^ ^+2 M^l < , 

Mv,t)| < np=i > |c4(v,r)|< -—2 ■ 

r |t| r |r| 

Finally, as in the proof of the previous theorem, we define the linear operator C~ l 
as £~ 1 (f) = £ where £ = Uc. If denote the components of £ then £j can be 
bounded in x D\ in the following way, 

M^r)\ < y^H/IU, |&(V,t)| < -pTll/IU 3 , 

< —_- 11/(1^3, |£ 4 (^,r)| < |-p ||/|| p+3 , 

where K = £(-Kp-i + K p+3 + K p+2 + K p - 2 )K\jK v -i. Consequently ||f|| p < 
A-H/Hp+3 yielding ll^- 1 !!^ < K. Thus ZT 1 : X p+3 (T h x D\) -> X p (T h x D*) is 
a bounded right inverse of L. 

In order to prove item ^ let < \j! < fi and consider the problem of solving 
equation £(£) = / but now with / e 2)^(17, x D*) c X p (T, l x D*) where the 
inclusion clearly holds for any p 6 Z. Again, we look for a solution using the 
method of variation of constants. Thus we have to solve equation f|5 -20[) where / 
can now be written as f(<p,r) — e~ A "' T ~ v " ) /( ( y 5 i r ) where / is a bounded analytic 
function in x D\. Taking into account (|5 . 11 1) we can bound the components of 
g := IT 1 / in T h x Dl as follows, 



\9i(f,r)\ < sup 

( V ,r)eT h xL)i 



T 9 e -(n-iJ. )i(r-ip) 



m » K "-' , 4. 



r 6 e n'i(T-tp) I ' 



Note that the supremum in the previous estimate is finite since fj, — fjf > 0. So 
we can again apply Proposition 15.71 with e = // and p = 6 to each component of 
equation (|5.20l) and conclude that there exists an analytic vector-valued function 
c = (ci, C2, C3, C4) : T/j x Z? 1 . — > C 4 , continuous in the closure of its domain such 
that, 

( 5 - 21 ) \c^,t)\< J* ||/|| M , z = l,...,4, 



38 



JOSE PEDRO GAIVAO 



where. 



K r = 



-0-//)i(r-(p) 



K v -iK 3 



r 

As before, we define the linear operator C~, as = £ where £ = Uc. More- 

over, taking into account the estimate (|5.2f I) the £j's can be bounded in x D\ 
as follows, 

Consequently < 16ifu^ c ||/|| M yielding H^ 1 ^, < 16Xuif c . Thus /I; 1 : 

2) M — >• 2) M ' is the desired bounded right inverse of £. □ 

6. Solutions of a variational equation 
Let n > 3, £ € £n+4(1\ x D~) and consider the following linear PDE, 

(6.1) Vu = DX H (T n+3 +£)u. 

where r„ +3 is a partial sum of the formal separatrix as defined in Remark 14.71 In 
the following lemma we prove the existence of a fundamental solution of equation 
(|6.ip that is close to a partial sum of a formal fundamental solution U of the formal 
variational equation (|3 .4[) . We shall use this result to prove Proposition 13.41 at the 
end of the present section. 

Lemma 6.1. Let n > 3 and U n be a partial sum of a formal fundamental solution 
U as defined in Remark ^. 11\ Then there exists ro > sufficiently large such that 
for every r > ro the equation (|6.1|) has a unique analytic fundamental solution 
U : T/j x D~ — > C 4x4 having continuous extension to the closure of its domain, 
U T JU = J (symplectic) and U - U„ G Xf l+1 (T h x D~). 

Proof. We look for a solution of equation (|6 . 1 1) in the form, 

(6.2) U = U„ + V, 

where V : T/, x D~ — > C 4x4 is a 4-by-4 matrix- valued function such that each 
column of V belongs to the space X n (T/, x D~ ) for some r > (to be chosen later 
in the proof). Substituting (|6.2p into the equation (|6.ip we obtain, 

w - DX H (r n+3 + e)v + DX H (r n+3 + £)u„ - ou n . 

This last equation can be rewritten in the following form, 

(6.3) £ (V)=BV + R„, 
where Co is defined by formula (|5.16|) . Moreover 

B = DX H (r„ +3 +0-4) and R„ = DX H (T n+3 + £)U n - VU n . 

Taking into account the definition of A$ (see (|5.15p ) we can write the entries of the 
matrix B as follows, 







V 2 


r" 


~ 3 h, 3 


T 


- 3 bi A \ 


T~ 2 b 2 ,i 


T~ 


2 6 2> 2 


r" 


- 3 b 2 ,s 


T 


~ 3 b 2A 


T _1 &3,1 


T~ 


^3,2 


r" 


- 2 b 3 , 3 


T 


' 2 b 3A 




T~ 


^4,2 


T 


- 2 6 4 , 3 


T 





(6.4) B 



where each function bij : T/, x _D r — ► C is analytic and bounded in x D r . Thus, 
each column of BV belongs to % n +i- On the other hand, Remark 14.111 implies 
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Figure 5. Domain D r . 



that each column of R n also belongs to l n+ i. Thus, BV + R„ £ ^n+i- Since 
Co has a fundamental matrix Uo given by (|5.17j) we can apply Theorem 15.81 which 
guarantees the existence of an unique bounded right inverse Cq : X„+i — > X n of 
Cq for r > 1. Thus, in order to solve ()6.3[) for V, it is sufficient to find a fixed point 
of the following operator, 

(6.5) V i— > Co 1 (BV) + Cq 1 (R„) , 

defined in Xf l+1 (T/j x D~) with r > 1. Note that B induces a linear operator 
B : X n — > X n +i naturally defined by £>(v) — Bv. Thus, in order to prove the 
existence of a fixed point for (|6.5|) it is enough to show that, 

for r > 1 sufficiently large. Indeed, using the previous upper bound one can show 
that the linear operator defined by (16.51) is contracting and an application of the 
contraction mapping theorem yields the existence and uniqueness of a fixed point 
VeXi{T h xD-). 

Let us now prove inequality (|6 . 6|) . Given v 6 X n we want to bound ||Bv|| n+1 
from above using ||v|| n . According to (|6.4p we have that, 
(6-7) 

( 4 4 4 4 \ 

i-l i=l i=l i=l / 

where v = (r - "^ 1 ?;!, r~ n ~ 1 V2, T~ n vs, r~ n V4). Note that given ro > -^-g for every 
r > r we have that |rp fe < |t| -1 < — s 1 in g in D~ for fc 6 N (see Figure[5]). This 
observation together with (|6.7p yields 

where 

i\T B := max < sup t)| > < oo. 



i,j=l,...,4 
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This proves that the linear operator B is bounded, ||£>|| Tl+1 „ < r( f s f n g ■ Now taking 
into account that £ ~ 1 is also bounded by Theorem 15.81 we get, 

, . „ „ 1M KbWc- 1 IL_,, 

[i \\n,n — II u I In, n+1 11 Nn+l,n — Tq Sin ( 



Therefore if 

^ / 1 2Ky\\C \ in+1 \ 

r > max <^ -— , — > , 

sinfl sin^o 

then for every r > ro the inequality (|6.6[) holds. Finally, note that we can re- 
peat the previous arguments with n+1 instead of n and obtain a unique V G 
%n+i (T/t x Df) for f sufficiently large such that U = U„ + i + V solves equation 
(I6.1[) . It follows that U — U„ € (T/, x D^) and due to the uniqueness of 

the fixed point we conclude that U — U„ = V. Thus V g (T^ x £)~) for 

every r sufficiently large. In order to conclude the proof of the theorem we just 
need to show that U is in fact symplectic. This is not difficult, as it follows from 
Proposition 15.11 U T JU = J and the fact that if u and v are columns of U then 
Pfi(u,v)=0. □ 



Now using the previous lemma we can proof Proposition 13.4 



Proof of Proposition \3.4\ According to Lemma 16.11 we know that for every n > 3 
there exists tq > such that for every r > ro there exists a unique fundamental 
solution U such that U — U„ 6 X n +i{Th x D~) and U T JU = J. The uniqueness 
of the solution implies that the third and fourth columns of U are d^T - and d T T~ 
respectively. Thus U is a normalized fundamental solution. To complete the proof 
it remains to show that U is in fact independent of n. Indeed for every n > 3, 
we can trace the proof of Lemma 16.11 and see that, by increasing r if necessary, 
we can make ||U— U3 1| 3 as small as we want in order to apply the contraction 
mapping theorem. Thus, the uniqueness of the fixed point implies that U is in fact 
independence of n. □ 

7. Proof of Theorem 13.21 



Let n > 6 and r > (to be chosen later in the proof). We look for a solution of 
equation (|2.4I) of the form, 

(7.1) r-=r„ + £, 

where £ € X n (Th x D~ ) and T n is a partial sum of the formal separatrix as defined 
in Remark B~T1 Substituting (|7.1[) into equation (|2.4[) we obtain, 

V£ = X H (r n +Z)-VT n . 

Now we rewrite the previous equation as follows, 

(7-2) £(0 = Q(0+R», 

where C : X n —> X n is a linear operator acting by £(£) = T>^ — DX^f(r„)£ and 

Q(0 - X H (T n + - X H (T n ) - DX H {T n )^ R„ = X H {T n ) - VT n . 

Our goal is to solve equation (I7.2p with respect to £. To that end we will invert 
the linear operator C and obtain a new equation from which we can apply a fixed 
point argument to get the desired solution. According to Theorem 15.81 we can 
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invert C as long as it has a fundamental matrix U. Since n > 6, the existence of a 
fundamental matrix follows from Theorem 16.11 Thus, there exists an ro > 1 such 
that for every r > ro the linear operator C has a fundamental matrix U such that 
U — U„_3 G _ 2 ■ Hence, we can apply Theorem 15.81 to get a unique bounded 
linear operator : X„ + i — > X n such that CC^ 1 = Id. 

Now let us prove that given £ G (Th x D~) the function Q(£) + R n belongs 
to 3t n +i (Th x -EV) for r sufficiently large. First note that Remark 14.71 implies 
that R„ G X n +i (Th x D~) for any r > 0. So it remains to show that Q(£) € 
X n +i (Tfe x D~ ) for r > sufficiently large. Denote the components of the vector 
field Xh by Vi and consider the following auxiliary functions, 

7i (t) = Ui(r„ + if) - Ui(r„) - tVvi(T n )£, i = 1, ... ,4. 

Note that 7,(0) = for i = 1, . . . , 4 and Q(£) = ( 7l (l), 72 (1), 73 (1), 7 4 (1)) T . We 
can integrate by parts each function 7 j to obtain, 

7,(1)= / (l-s)7f(s)ds, z = l,...,4. 
Jo 

By the intermediate value theorem there exist ti G [0, 1] for i = 1, . . . , 4 such that 
7,(1) = (1 — ij)7j'(tj) where the second derivative of 7; can be easily computed 

(7.3) 7-'(s)=£ T Hess(^)| r%i+s? £. 

Taking into account that £ G X„ and the fact that Xh is analytic we obtain the 
following estimate, 

hi(l)\<8\\H\\ c3 \r\- 2n Uf n , 
for r > 1 where || ■|| c , 3 is the standard C 3 -norm. Using the previous upper bound and 
the fact that given r\ > max {ro, t^-q } and every r > r\ we have that |r| 2 < |r| 1 
for r £ D~, then we can estimate ||Q(C)|| n+ i in the following way, 

(7.4) ||Q(0IUx < 2 5 \\H\\c llel| 2 „ sup |r|-" +2 < 2 " l|g|1 ^ 3 



(r\ sin ( 



where this last estimate holds since n > 6. Thus Q(f) G Af„ + i (T/, x D~) as we 
wanted to show. Now in order to solve equation (|7.2[) . it is sufficient to find a fixed 
point in X n (Th x D~) of the following non-linear operator, 

^£- 1 (Q(0)+^ 1 (Rn). 

Let us denote this operator by Q . So in order to apply the contraction mapping 
theorem we have to check that Q is contracting in some invariant ball 

<B p = {teXn: |K||„<p}, 

where p > 0. First we prove that G(*& p ) C Q3 P for some p > 0. Let p = 
2 ||R„||„ +1 and £ G Q3 P , then l[7]4]l implies that, 

provided, 



(7.5) n > 



(^II^IIcII^Lm-^)' 



sm t 
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Thus Q leaves invariant a closed ball Q5 P . To check that Q is contracting in 93 p we let 
6j6 € S p and consider a segment connecting both points, i.e., 74 = (1 — 1)6 + *6- 
Clearly 74 g 03 p for all t G [0, 1]. Similar as before we define the following auxiliary 
functions, 

V>i(i) = ^(T„ + 7t ) - Vi (T n ) - V«i(r„)7t, i = 1, . . . ,4. 

Note that, 

Q(6H (V>i(0)>2(0)> 3 (0)>4(0)) T , 

Q(6) = (V^l(l)>2(l),V'3(l)>4(l)) T . 

By the mean value theorem there exist t% € [0, 1] for i = 1, ... ,4 such that — 
V'i(O) = V'i(^)- Differentiating the functions ^ we obtain, 

(7.6) - ^(0) = (Vw, (T n +7tJ - V«( (T„)) • (6 - 6) ■ 

Thus, we can bound the differences l|7.6l) as follows, 



1^(1) - ^(o)i < s iiff|i c3 H^r 2r i6 - aii„ , 



which implies that, 

2 5 p||g|| 
(ri sin#) r 

Applying the linear operator £ _1 and taking into account (|7.5p we get, 



IQ(6)-Q(6)IU< , a 



|^Q^>-QKU)IUI|£ 'II ;-X(^]feil- - 



< 5II6-6L, 

which proves that ||£?(6) — £(6)IL < ^ 116 — 6IL m ®p- Thus £ is contracting 
in the ball 23 p provided r > r\ where, 

f (2 6 ||i?|| C3 ||/:-i nin+1 p)^ 

ri > max < ro , 



sm ft sm ft 

To conclude the proof of the theorem let us check that the unique function T 
obtained with n > 6 is in fact independent of n. Increasing r > the distance 
|r~ — 17*6 ]| 6 can be made as small as we want in order to apply the contraction 
mapping theorem for n = 6. Due to the uniqueness of the fixed point we conclude 
that the function T is in fact independent of n. Finally for every n > there 
exists r > sufficiently large such that, 

r — r n = r — r n+ x + r n+ x — r„ e x n+ i(T; l x D r ). 

Consequently T~ ~ T and the proof is complete. □ 



8. Proof of Theorem 13.51 

Let 6 = r + — r _ . Note that since both have the same asymptotic expansion 
r then 6 G %nC^h x for every n € N where, 

Dl = D+ n D~ n {r € C | Imr < -r} . 

Let us outline the main steps of the proof. In the first step we write an integral 
equation for 6 an d derive, using a fixed point argument, a sequence of functions 
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{£fc}fc>o converging to £*. In a second step we prove that the sequence {£fc}fc>o is 
uniformly bounded (with respect to k) by a function that is exponentially small 
as r — > oo in D\. This is proved by exploiting a recursive equation that is used 
to define the sequence of functions. In the third and final step of the proof we 
derive the constant 0~ and obtain the desired asymptotic formula for T + — T , 
thus completing the proof of the theorem. So let us start with, 



Step 1. For definiteness let us henceforth suppose that n = 5. We want to 
prove the following: 

For r > sufficiently large there exists a sequence {£fc}fc>n * n 
^(Th x Dl) such that — > as k —> +00. 

To prove this we write a fixed point equation for and use the contraction 
mapping theorem. Using the fact that both T~ and T + are solutions of equation 
(|2.4p we can write, 



2?£* - DX H (T~)^ = X H (T- + £„) - X H (T-) - DX H (T-%. 
Or equivalently, 

(8.1) £(£,) = Q(eo, 

where C : Xs(T^ x D\) — > £s(Th x D].) is the linear operator defined by £(£) = 
DX H (T~)i and 

Q(&) = X H (T- +^)-X H (T-)- DX H (T-)^. 

Now we construct a right inverse of C. According to Proposition 13.41 there exists 
ri > and a unique normalized fundamental solution U : x D\ i — > C 4x4 
such that U ~ U. Thus U is a fundamental matrix for C provided r > r\. For 
r > max 1 2, jzf^g? r i| we can a Pply Theorem 15.91 which guarantees the existence 
of a bounded right inverse C^ 1 : Xs(T^ x D].) — > ^(T^ x D].) of C, i.e., CC^ 1 = Id. 
Moreover, similar estimates as in the proof of Theorem 13.21 (see (JZ3I) show that 
for r > sufficiently large we have, 

(8.2) ||Q&)|| 8 < 25 " g|lc3 

r 

Thus Q(£*) € %s- Consequently, 

(8.3) fo-^-r-^QCf*)), 

belongs to the kernel of C. According to Theorem 15.91 there exists a 2-7r-periodic 
analytic function c : H r _^ — > C 4 , continuous in the closure of its domain, such 
that ^o(ip, t) = U(y>, t)co(t — ip). The domain of Co is a half plane, 

Hr_/, = {seC: Im(a) < -r + /i} . 

Thus ((OJ) implies that, 

-£- 1 (Q(e*)) + Uc , 
and the function is a fixed point of the nonlinear operator, 

(8.4) e^^ 1 (Q(e)) + uc , 
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which is defined in X^iTh x D^.). Let p := 2 ||Uco|| 5 . Similar estimates as in the 
proof of Theorem l3.2l show that the nonlinear operator defined in (|8.4[) is contracting 
in the ball *B P = {£ £ £5 | ||£|| 5 < p} provided, 

r>2 6 \\£' 1 \\ 5S \\H\\ c3 p. 

Thus, by the contraction mapping theorem, the sequence defined by, 

(8.5) &+i = C- 1 (Q(&)) + Uc , k > 0, 

converges to £*, i.e., ||£fc — £* || 5 — > as k — > 00. 

Step 2. It is convenient to estimate the functions £fc using the following sup- 
norm: given a bounded analytic function g = (pi,... ,54) : x D\ — > C 4 let, 

4 

(8-6) ||.g||= sup £>ifor)|. 

In the following we want to prove: 

There exist C* > and r > sufficiently large such that for every 

k>0 we have He^-^U" 1 ^ || < C**. 
In order to prove this uniform estimate we define a new sequence of functions: 
(8.7) ( k (ip,T)=e i ( T -rtU-\<p,T)Z k (<p,T), Vfc>0. 

Let Cfc := ||Cfc II- We want to prove that there exists C* > and r > sufficiently 
large such that Cfc < C* for all k > 0. 

To that end, we construct another right inverse of C. Fix arbitrary small positive 
real numbers e, e' £ M + such that e < e' and define /i := 2 — e and pi :=1 — e' . Since 
Q < p' < p we can apply Theorem 1 5 . 91 which guarantees the existence of a bounded 
right inverse C~ x : Z)fjT h xflj)-) 2V( T k x D*) of £. Using (^3) and similar 
estimates as in the proof of the Theorem l3.2l (see (|7.3|) ) show that the components 
of Q(£fc) can De bounded by, 



2 7 || J ff|| c3 ^ I j 



e _2i(r- ¥ .) r 6 



°fe: 



in T ft x Dl. Thus, 



(8-8) ||QK0IU= e^^-^QKO <2 9 \\H\\ c3 K^r 6 e^Cl 

for values of r = 0(e^ 1 ). Hence £ -1 (Q(£fc)) — £3 (Q(£&)) belongs to the kernel of 
C and by Theorem 15.91 we known that there exists a 27r-periodic analytic function 
Cfc : H r _/j — > C 4 , continuous in the closure of its domain such that, 

(8.9) Ucfc = £- 1 (Q(a))-£; 1 (Q(e fe )). 

Taking into account (|8.7[) and (|8.9[) we can rewrite the recursive formula (|8.5p as 
follows, 

(8.10) Cfc+i = e^-^U-^-^QC^)) + e^-^Cfc + e^-^o. 

In the following we estimate the norm of the functions in the right-hand-side of 
(|8.10p . We will also need the norm induced by (|8.6I) on the space of 4-by-4 matrix- 
valued functions G = (G;j) : Tj, x flj -> C 4x4 , 

4 

||G|| = max sup Y\\Gi,j{ip,T)\. 
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Note that given an analytic function 7 : D\ — > C such that 7(7-) = 0(t 3 ) we have, 



(8.11) 



I7U || <4K v -i sup t^t) 



Let us start estimating the norm of the first term in (|8.10[) . Taking into account 
(18.111) we obtain, 



e i(r- v)u -l £-l(Q(&))|| < 



e -(i*'-i)»(T— v)U- 



< AK\j-i sup 



r 3g-(M'-l)*(f-¥») 



;M ' i(T - v ) £ -l (Q(6)) 



Thus, 
(8.12) 
where 
(8.13) 



implies that 



Mi(r) =2 11 if u - 1 /f2 j ||£- 1 || . J|if||. 



r e V2 



Clearly Mi(r) = O(l) since e' — e > is arbitrarily small. Now we deal with the 
second term in equation f)8. 10[) . Taking into account (|8.9|) we write, 

(8.14) c fe = U-^-^Qfe)) - V-^HQfa)). 

Let us estimate each term of (18. 14)) separately. Using (|8 . we have, 

IIU-^-^Qfe))!) < llr^U- 1 !) \\r 5 C- l (Q(^))\\ 

<4K v -i sup \t- 2 \ WC-^Qfa))]] 

TED}, b 

<4K u - 1 ||£- 1 || 58 ||Q(e fe )|| 8 . 

Moreover, by (|8.7|l we have that ||£fe|| 5 < 4K\jr 9 e~( r ~ h ^Ck, which together with 
(gH]) imply that, 



(8.15) 
Thus, 



HQ(e 



k)\\ s 



<2 s \\H\\ c3 K^e 2h e- 2r Cl 



lu-^-^Qfe))!! < 2 11 \\h\\ cs kIkv-! II/:- 1 



1 0.8 



r 17 e 



-2{r-h) C 2 



On the other hand, the second term of (|8 . 14[) can be estimate as follows, 



< 4K v -i sup 

(^,t)£T k xDJ 



r 3 e -(2-e')»(T-ip) 



lV(Q(a))t 



Taking into account (|8.8|) we get, 



„JI<K&)II„ 



||U- 1 £ M - 1 (Q(a))||<2 11 ||i/|| C 3^ u - 1 \\C-\,^e-^-^- h )Cl 
Finally, putting all these estimates together we obtain, 

\\c k \\<M 2 (r)e-^ r - h) Cl 
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where, 

M 2 (r) = 2 11 \\H\\ C3 KlKv-i (\\£»% tli r 9 ^^-^'-))^) 

+ ll^1 5 ^ 17 e - (r -' l) 

Similar to Mi we conclude that M2(r) = 0(1). In order to conclude the proof of 
the assertion of this step we need the following simple result. 

Lemma 8.1. Let a > and f : H CT — > C an analytic function, 2tt -periodic, contin- 
uous in the closure o/H CT and f(z) — > as Imz — > — oo. Then, 

\f(z)\< sup |/(z)| e Imz+ff . 

Im z— — a 

Proof. The proof is a simple application of the maximum modulus principle for 
analytic functions. □ 

Applying the previous result to each component of c k we get, 

|c M (z)|< sup \c kti (z)\e Imz+r - h , i = l,...,4. 

Im z — — r+h 

Thus, 

(8.16) e^-^Ck < \\c k \\ e r - h < M 2 (r)e-^ r - h) Cl 

Regarding the last term in the right-hand-side of equation (|8.10|) we know that by 
definition Cq — ||e 4 ' T ~ v )co||. Applying Lemma [8.11 we get Co < oo. Thus, taking 
norms in both sides of equation (j8. 10[) and using the estimates (|8. 12|) and (|8 . 16|) we 
obtain, 

(8.17) C k+1 < (Mi(r) + M 2 (r)) e~^ r ^C 2 k + C . 

Since both Mi and M 2 are bounded with respect to r we can choose r > suffi- 
ciently large such that, 

(M 1 +M 2 )C e~^ r -' 1 } < 1, 
which implies that C\ < C* for all k > where C* := 2Cq. 

Step 3. In order to finish the proof of the theorem note that the uniform 
estimate obtained in the previous step implies that ||e^ T_¥ '^U _1 ^ || < C*. Thus, 
the estimate l|8.8l) applied to gives that Q(£*) E ^(T/j x D 4 ). Moreover, as £* — 
C^ 1 (Q(£*)) G Ker(£) there exists an analytic 27r-periodic vector- valued function 

: H r _/j — !• C 4 such that = Uc, + C~ 1 (Q(£*)). Since c*(z) ->0aslmz^ — oo, 
we can write its Fourier series as follows, 

oo 

C*(z) — ^ ^ C^ m 6 , 
m— 1 

where c*, m G C 4 . Moreover, as £~ 4 (Q(£*)) G 2)^' x D l) then > 
r) = e- l(T -^U{p,T)e- + O (e-P-WT-fA , 
where 0~ := c*i. This completes the proof of the theorem. □ 
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